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ABSTRACT. We develop a Hilbert expansion approach for the derivation of
fractional diffusion equations from the linear Boltzmann equation with heavy
tail equilibria.

1. Setting of the result.

1.1. Introduction. The linear Boltzmann equation is a simple kinetic equation
describing the evolution of a particle distribution function. It couples free trans-
port and scattering phenomena (due to collisions with the background). The prop-
erties of the scattering process determines the long time behavior of the particle
distribution function. It fixes in particular the profile of the equilibrium velocity
distribution.

Asymptotic analysis of such an equation is a very classical problem. Typically,
assuming that the mean free path (i.e. distance between two collisions) is very small
and the time scale is very large, it is possible to derive a hydrodynamic type equation
describing the evolution of the density of particles. Often, the thermodynamical
equilibrium is given by a Maxwellian distribution function, and the mean square
displacement of the particle is a linear function of time. The correct time/space
scaling (z = ez’ and t = £2t') then leads to a diffusion equation for the density of
particles. This type of diffusion approximation for kinetic equations has been widely
studied in several papers, see for instance [1, 4, 10, 7] (and references therein).
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In recent works (see [14], [13], [3]) similar asymptotic analysis are performed when
the equilibrium function is not a Maxwellian distribution, but rather a heavy tail
function. In this case, the diffusion coefficient appearing in the classical diffusion
limit is no longer well defined and one has to modify the time scale to recover an
equation for the particle density. This is known in the literature as anomalous
diffusion phenomena (the mean square displacement of the particle is not a linear
function of time), and it leads to fractional diffusion equations.

Denoting by e the ratio of the microscopic length scale (mean free path) and
macroscopic length scale, we scale the space variable as x = ez’ and the time
variable as t = e“t/. The starting point of this paper is then the following rescaled
Boltzmann equation:

e¥0f +ev- Vo f* =Q(f°) (1)
where the particle distribution function f¢(¢,z,v) depends on the time ¢ > 0, the
space variable x € R™ and the velocity variable v € R™. The collision operator
appearing in the right hand side is a linear integral operator of the form:

QAN = | ole0 ) [FWIFE) - F0)FE)]d &)

with
o(z,v,v") = o(x,v,v).

Note that the operator @ is the sum of a gain term
Q" (5)= [ o)) i Flw)
and a loss term
Q (f) = —v(v)f(v) with v(v) = / o(z,v, v )F")dv'.

This operator has a one dimensional kernel spanned by the function F(v) and it
preserves the total mass:

Q(f)dv=0 for all f. (3)

]R’n
The usual diffusion limit corresponds to a = 2. It can be studied using the
so-called Hilbert expansion method, which is based on a formal expansion of the
solution in the form

f& _ f0+5f1 +52f2+T€~
Inserting this expansion in (1) and identifying the terms of same order in ¢ yields:

)

Qf°) = 0 (4)
QUY) = v Vuf° (5)
QUf*) = f+v Vuf! (6)

and the remainder ¢ solves
Ot + e\ Vurt = 5_2Q(r5) + O ft + 20, f2 +ev -V f2
Equation (4) implies that fO(t,z,v) = p(¢t,2)F(v) and (5) then yields f! = Q~!(v-
V.f%) = Q1 (vF(v)) - Vup (assuming that such an inverse exists, see Proposition
2.2). Finally, in view of (3), the equation (6) for f? gives (integrating with respect
to v):
Op+Vy-j=0
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where

Jj= / vfldv = / v @ Q H(vF(v)) dvV p.
We deduce that for f2 to exist, p must solve
with diffusion matrix

D=- / v ® Q- (WF(v)) do.

Now, assuming that p is a (smooth solution) of this diffusion equation, we can define
19, f and f? solutions of (4), (5) and (6), and show that the remainder r¢ converges
strongly to 0 in some L2 space. The main drawback of this method, compared with
the moment method, is that it requires stronger regularity assumptions on the initial
data in order to get the appropriate bounds on f°, f! and f2. On the other hand
the method yields strong convergence of the solution (rather than weak convergence
for the moment method). Hilbert expansion type methods have also proved very
useful to study diffusion limits for some non linear collision operators, see [12, 9, 11].

In this paper we are considering a situation in which this limit fails because
the diffusion matrix D above is infinite. This is clearly the case when the equi-
librium function F, rather than a Maxwellian distribution function is a heavy tail
distribution function, satisfying
Ko
F(’U) ~ |v|n+a

as |v| — oo

for some o € (0,2) (note that this a will be the same as the time scale in (1)).
Such a profile has been mentioned in several context such as astrophysical plasmas
([17, 15] or in the study of granular plasmas ([5, 8] for inelastic Maxwell models,
[16] for inelastic Kac model and [6] for mixture of gases with Maxwellian collision
kernel). A similar study is undertaken in [14] using a relatively simple method
based on the Fourier transform. This method does not generalize easily to more
complicated situation involving space dependent collision kernel ¢ or non linear
operator. In [13], an alternative method is developed which is based on the weak
formulation of the Boltzmann equation (1) and the choice of particular test functions
defined via an auxiliary equation. This method is somewhat analogous to the well
known moment method for the usual diffusion limit. Both approaches provide the
weak convergence of f€ to pF'. The aim of the present paper is to develop a Hilbert
expansion approach for this anomalous diffusion regime. One of the advantages of
this new method (compared with [14, 13]) will be to give strong convergence results.
We also believe that this method can be used to address some nonlinear problems,
such as models involving the Boltzmann-Pauli collision operator.

The first difficulty in developing such an expansion method is that since a €
(0,2), it is not obvious how one should identify the terms with same order (some
terms have a fractional order). The originality of this expansion is thus the splitting
of the different terms of equation (1) and their distribution in the different levels of
the expansion. This splitting follows a heuristic based on the choice of the auxiliary
function in [13]. Indeed, we notice that the advection term and the gain loss of the
collision operator are of the same order whereas the gain term is of higher order (in
term of ). This leads to a rearrangement in the Hilbert expansion as explained in
section 3.
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We are now going to list our assumptions on o and F and give the main result of
this paper (Theorem 1.1 below). In Section 2, we will present a proof of this result
in the simpler case ¢ = 1. In this case, the expansion is relatively simple, and we
will explain why in the more general case, a more complicated expansion needs to
be introduced. The main theorem is then proved in Section 3.

1.2. Main result. In order to simplify the computation, we will assume that there
exist some constants og and oy such that

0< 0o <o(r,v,v)=o0(x,v,v) <o <oo forall (z,v,v) €R™  (7)

In particular, this implies that the collision frequency

v(z,v) = /n o(z,v, v )F(")dv'

satisfies
oo < v(w,w) <oy forall (z,v) € R*™.

We also need to assume that the collision frequency is regular enough and has a
nice asymptotic behavior for large v. For simplicity, we will assume:

OFv € L (R™ x R") for all multi-indice k such that |k| < 4
v(z,v) =vo(x) Y|v|>1

(8)

(this last assumption can of course be replaced with lim,| o v(2,v) = vo(x)).
The most important assumption concerns the behavior of the equilibrium F(v)
for large v. We assume:
K
= ‘v|n+a

F(v)

for |v| > 1 (9)

for some « € (0,2) and
Fv) <k for all v € R™. (10)
Finally, we assume that the following symmetry conditions are satisfied:
F(—v) = F(v), v(z, —v) = v(z,v) for all (xv) € R*". (11)

This implies in particular that the flux [, vF(v)dv =0 (when it is defined, that is
when « > 1), which we know is a necessary condition for the derivation of diffusion
type equation.

We can now state our main result:

Theorem 1.1. Assume that (7), (8), (9), (10), (11) hold and let f¢ be the solution
of (1) with initial condition fi,(z,v) = pin(z)F(v) such that py, € HYR™), then

fe= POF\|L°o(0,oo;L2F_1(Rann)) — 0, ase —0, (12)

where po satisfies

{ 815/)0 + L(pO) =0 in [05 OO) X an (13)
po(0,z) = pin(z) in R"
and L is an elliptic operator defined by the singular integral:
p(z) — ply
L) =PV, [ (2= g, (14)

Rn ly — x|t
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with -
(@, y) = vo(x) uo(y)/ 22 Jo vo((A=s)etsy)ds g,
0

Note that y(z,y) = ¥(y, «) and that condition (7) yields

0<m <v(z,y) <.
In particular the operator L is a self-adjoint elliptic operator of order o (comparable
to (—A)*/?).

Before giving the proof of this theorem in the general case (Section 3), we will
present two simpler cases that can be handled with a more direct Hilbert method
based on the Fourier Transform and for which the result is obtained in a L' frame-
work as well as in a L? framework with less regularity assumptions on the initial
data.

2. Space homogeneous cross sections.

2.1. Constant cross section. In this section, we prove Theorem 1.1 in the simpler
framework where the cross section o is constant (for the sake of simplicity we take
o =1). We then have

Q) = - f@)dv' F(v) = f(v). (15)

In that case, the use of the Fourier transform (as in [14]) allows for explicit compu-
tations and a much simpler proof.
We have the following proposition:

Proposition 2.1.
Let f¢ be the solution of (1) with Q given by (15) where F satisfies (9-11) and with
initial condition fi,(x,v) = pin(x)F(v) such that p;, € W3 (R™). Then
1£¢ = po || Lo (0,00;11 (Rn xRn)) — 0, ase —0 (16)

where po satisfies

Oipo + K(—=A)2po =0 in[0,00) x R"

p0(0,2) = pin(x in R™
with

K= /R (w-e)? L dw (18)

n 1 + (w * 6)2 |’w|"+°‘ ’
If instead we have p;, € H*(R™), then

||f€ — pOFHLC’O(O,oo;LQ _, (R xRn)) — 0, as e — 0. (19)
F
The proof relies on the following Hilbert expansion for f<:

fe=f5+gi+g5+7r°,

with
Qlf5) = 0 (20)
(I4+ev-Vy)g; = —ev-Vif§ (21)
Qlgz) = €"0f5 — Q" (97) (22)
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and r° solution of
Oy 4 7% - Vor® = e 2Q(r®) — 0195 — 0195 — ' v - V5. (23)

In order to investigate these equations, we recall the following result, which holds
for general operators of the form (2), whenever (7) holds (see [7]):

Proposition 2.2.

i) The operators QT and Q are bounded operator on L%_l(R").
it) The kernel of Q has dimension 1 and is spanned by F'.

iii) There exists a constant ¢ > 0 such that

- [ ansgazc [ 1r-ppPga

) For all h € L%_,(R™), the equation Q(g) = h has a solution if and only if
[ h(v)dv = 0, and there is a unique such solution (denoted Q~*(h)) satisfying

Jzn 9(v) dv = 0.
v) The operator Q' is bounded in L3,_, (R™):

||Q_l(h)||L?:71 < C’||h||wa1 for all h such that [, h(v)dv = 0. (24)

vi) /Q(f)sgn(f) dv <0 for all f.
Equation (20) then yields (using (ii)):
fo(w,v,t) = p*(z,1) F(v).
and so equation (21) becomes
Tegi = —ev -V p°F
where we introduced the operator
T.=1+4¢cv-V,.
Assuming (for the time being) that this operator can be inverted, we can then write
g = ~TY(ev- Vop)F. (25)
Finally, the solvability condition for (22) (using (iv)) is

[ 0w F - @ (6] v o0
which reads
e*0p® — /gf dv = 0.
Using (25), we see that this is a condition on p®, which we can write as
Y0 + /T;l(sv - Vep©)F dv = 0. (26)

Because of the simple form of the operator @), this condition also implies that the
right hand side of (22) is actually 0 (rather than only having zero integral), and
thus

g9; = 0.



FRACTIONAL DIFFUSION LIMIT... 7

Remarks 2.3. The usual Hilbert expansion consists in writing f¢ = pF'+ f{ + f5+r°
where

v(w,v)fi = QT (ff) —ev- VupF,
Q(f3) +ev-Vaff =e%0ipF.
We can see that the scheme that we use here consists in reshuffling the terms Q(f¥)
and ev - V, f in the first order and second order equation.
Note also that while in the usual Hilbert expansion, the first term is solution of

the asymptotic equation, here we have p which is solution of an approximation of
the limiting model (26).

In order to prove Proposition 2.1, we thus have to show that p®, solution of (26),
exists and that ¢gf and r® go to zero in some appropriate norm.
This is best done using Fourier transform (with respect to z): We denote by

h(§) the Fourier transform, with respect to z, of a function h. Taking the Fourier
transform in (21), we get:

(1+iev-&)gt = —icv-Efy

and so
~__lev: I3 Flo) 5 9
5= e F) 7. (27)
We can thus rewrite (26) as
Qip* +a°(€) p* = 0. (28)

with

crey  —a tev - &
a*(§) =¢ An71+i€v.€F(v)dv.

We now need the following lemma (see also [14]):
Lemma 2.4. For all &, a®(§) > 0 and
|a¥() — klg]*] < C*[¢[* — 0, (29)

with k given by (18). Furthermore, there exist positive constants ¢y and co such
that,

cimin(e™, [€]*) < a% () < ca(|€]* + @7V ¢?) (30)

Proof of Lemma 2.4. A simple computation (using the properties of F') yields

iev - & B (ev - &)?
/Rn l—l—isv-fF(v) dv = /Rn 14 (ev-§)? F(v)dv
. (€08 oo
B /y|<1 L+ (ev-§)? Flo)d

(cv-€)* 1
" /|v|21 1+ (ev-§)? |v|rte ao-

The first integral is clearly bounded by Ce?[£|?, and using the change of variable
w = ev|€| we can write the second integral as

(ev-€)? 1 ol (w-e)? 1
dv = & dw
/ =l /|w

oz1 1+ (v - §)? |v|nte >ele] 1+ (w-e)? [w|te
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We deduce

R
ear(e) — el < O +elel [ w-e)” 1

jwl<ele] 1+ (w-e)? fw[rte

< Ce?f¢)?

This implies (29) and the second inequality in (30). The first inequality in (30) is
obtained by distinguishing two cases:

If £|¢| < 1, then the computation above yields f‘ >1 15_5(1;75)5)2 \v|"+a dv > ce® €]
and the result follows.

If £|¢| > 1, then we have

(ev-€)? 1 11
v > o 11
/y|21 L+ (ev-§)? |v|nte lw|>ele] 2wt
1

vV

and so

‘We deduce

Corollary 2.5. For any p;, and € > 0, there exists a unique p° solution of (28),
given by

P(t,6) = e D5 (6)
Furthermore, p° satisfies
€102 ()] Low @y < IHEF Pinl| Lo )

and

HEPFDep# ()] oo rmy < 1 1EF2 Pin | oo (rm
for all k > 0. Finally we have

1% = pollLe (0,701 ®n)) < CT|pinllwz(rn)
and

[1p° = pollLee (0,501 ®n)) < CT||pin |2 @n)
where po is the unique solution of (17).

Proof. We only prove the last assertion: We note that
Bu(pF — po) + a(€)(pF — po) = (K[€]* — a*())i

and so Lemma 2.4 yields
d ~ - 2—a|e)2 &
Z1P7 = ol = C"%I€ po.
We deduce
21" = pollr@ny < Ce®=*||pollw=1 @n)

Wthh gives the L*(R™) convergence of p°. A similar computation (multiplying by
0F — po) gives the L?(R") convergence. O
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Proof of Proposition 2.1. We now notice that (27) yields

-~ lev - £ ~
< ———=——F(v)p*
lgil < EREIE (v)p
and thus
HQAfHLw(Rn-Ll(RN))) < sup &F(v) dvpt (€)
e ¢ 1+ (cv-§)2
< Sgp{C(E“\flaﬂlfl)EE}
< CE*+ )+ 7)o @y,

and similarly

IN

1025 | Lo (s (23 ) sup {C(e 1™ +ele)dep® }

sup {C(=° " + ele)a” (€)77)

IN

so, using Lemma 2.4, we deduce
110095 || = rm ;3 v yy) < (6% 4 )L+ [€]%) 0% | oo (em).-

It follows that g§ and 0,95 converge to 0 strongly in L°°(0,00; L*(R™ x R™)).
Finally, multiplying the equation for the remainder 7, (23), by sign(r®) (and using
Proposition 2.2 (vi)), we get

Ol @ny < N0egil L1 (mm)-
Using the fact that (¢t = 0) = —g5(t = 0), we deduce
|[7¥]| Loe (0,501 (R2m)) — O
and so

[[f€ = p°F|| Lo (0,7;L1 (R xR7)) — 0.

Similarly, we have (using the computations of Lemma 2.4):

~y 1 lev - ]2 ~2
P dv < — > F(v) dvp*
/Rn iy @ = /Rn1+(ev-€>2 w)dvp

~2
C(ele™ + €2[¢*)p?

IN

and so
HQTHL;_l(Rann) < Ce|p || (mmy
and in a same way
||6t9i||Li_l(]R"><R”) < Ce||p®|| a3 (rny-

A similar argument (multiplying (23) by r°/F) gives the strong convergence in
L>(0,00; L2, (R™ x R™)). O
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2.2. Case of space homogeneous cross section. We now show, in a still rel-
atively simple case, why the general case is more complicated. In this section, we
assume that @ is given by:

QN = [ o)) - feF)] (31)
with o depending only on v and v' (and not on ), and satisfying
0<op<o(v,v)=0c(v)<o.
We might try to proceed as in the previous section, writing
fF=h+o+e+r,
with
fo(z,v,t) = p* (2, 1) F(v),

g5 =T Yew -V, p°), F

€
Q(g3) = e"0ip"F — Q™ (g7)-
where the operator 7¢ is now defined by 7-(f) = vf +ev - V. f.

The solvability condition for g5 (obtained by integrating this last equation with
respect to v) reads

ot = e | Qg dv
Rn

= 5_“/ vg; dv

= —5_‘1/ v(v)T. (ev - Vo p©)F dv.
We thus obtain that p® must solve
Op*+ L (p°) =0
with
Le(p) = E*Q/ v(0)T7 Hev - Vp©) F dv.

Once again, we can identify the nature of this operator using Fourier transform:
We get

=% —a ISURES ~
Fl) = o0 [ )P )
= @©F

However, unlike the previous section, we do not have Q(¢5) = 0. Instead, we
have

Qg5) = —e“L°(p°)F — Q" (g7)

which, in Fourier, reads:

Qg;) = —€a/ &[V(v')—o(v,v’)]F(v’)dv’ﬁfF(v)

re V(U') +igv - &
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and so

et

R /0 + (ev - €)?
< Ce (e[ + el€D) o F (v).

S)
@)
A

2016 (v") dv'|p* | F (v)

This clearly implies that g5 goes to zero as € goes to 0, but it also means that it
will be difficult to control the term e!=%v - Vg5 because of the lack of integrability
of vF (at least when o < 1).

For this reason, we need to add a term in the expansion, as explained in the next
section.

3. Proof of Theorem 1.1.

3.1. A reshuffled Hilbert expansion. In order to prove Theorem 1.1, we use a
Hilbert type expansion and some techniques similar to those first introduced in [13].
We recall that f€ is a solution of

SO o0 Vol = QU (32)
where
QN =Q N = vf with Q)= [ olwv )P,
and we write the following expansion
e =p°(t,2)F(v) + g5 (t, x,v) + g5(t, z,v) + g5(t, x,v) + r°(t, z,v) (33)

where the terms gi, g5, g5 satisfy

(v(z,v)+ev-Vy)g = —ev-Vy(p°F) (34)
Q(g5) = —QT(g1) —c"0p°F (35)
(v(z,v)+ev-Vy)g5 = —ev-Vyg5. (36)
The remainder solves
O + el T -V, = Qizs) — Org] — Oeg5 — Org5 + % (37)
We recall that we defined the operator
To(g9) = vg +ev - Vayg. (38)

A simple computation (see [13]) shows that this operator is invertible with

/+0° 7/ o= eva,v)ds flx —evz,v)dz (39)

for any function f(z,v). In particular, equations (34) and (36) are solvable without
additional conditions, but (35) requires the following solvability condition (obtained
by integrating (35) with respect to v):

Oup” + L7 (p") = 0 (40)
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with

L (p) — [ Q7 (g97)dv

Rn

= —Efa/ v(z,v)g;dv

= 5_0‘/ v(z,v) T (ev - Viup®) F dv. (41)

In view of (37), it is clear that in order to prove Theorem 1.1, we need to show

that g5, g5 and g5 can be defined and that the terms 0,¢5, 0,95 J:g5 and % in

the right hand side of (37) go to 0 in L*(0, oo; L%._, (R™ x R™)).

The first step, detailed in the next section, will be to study the properties of this
operator L¢ and show that the equation (40) has a smooth solution p°. In section
3.3, we will derive some important estimate on Q~!(h) that will be needed to get
some estimates on ¢5. In Section 3.4, we derive estimates on g7, g5 and g5 and
their derivatives and show that f¢ — p°F converges to zero strongly. The final step
(Section 3.5) is to show that p°, solution of (40), converges strongly to pg solution
of (13).

3.2. Properties of the operator L° and the equation (40). First, of all, we
note that for any function p(z), (39) and (41) imply

Ls(p) = 5_“/ v(z,v) T (v - Vaup®) Fdv

Rn
—+oo
= ¢ / e~ Jo vle—evsv)ds o g o(z — cvz) F(v) dz do.
n O

Alternatively, we can also write
7-5_1(5'0 : Vzp)

“+o0
= / e~ o vle=evs)ds o 7 p(x — evz) dz
0

oo 2 d
— _[) e~ fo v(z—evs,v) ds % [p(x _ 6112'” dz

—+oo
_ _/ e Jg v(z—evs,v) ds i [p(l' _ E’UZ) _ p(l’)] dz
0 dZ

“+o0
= —/ e~ o vlwevswydsy, (g ez ) [p(z — evz) — p(z)] dz
0
which leads to

+oo
Ls(p) = *570‘/ / e~ o vlz—evs s (p oy v) [p(z—evz)—p(x)] F(v)dzdv
nJo

(42)
which is the formula found in [13].
We can now prove the following lemma:

Lemma 3.1. For all k integer, k > 2, the operator L® is a bounded operator from
HF(R™) to HF2(R™):

L= (D)l e—2@ny < Cllpllr@ny  for all p € H¥(R™). (43)
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Proof. We first prove that
L5 (P2 < Cllpllmany  for all p € HA(R™). (44)

A similar computation is performed in [13], and recalled here for the reader’s con-
venience.

We write
Lé(p) = s_a/ v(x,v) T (v - Vap) Fdo
= IT+15+13
where
I =¢¢ / v(z,v) T, v - Vup) F do,
v <1
I5 = 5_0‘/ v(x,v) T ev - Vap) F do,
1<v|<1/e
I5=e"¢ / v(z,v) T (ev - Vap) F do.
[v|=1/e
We have
+oo B
T Yew - Vup) = / e~ Jo vle—evs ) ds oy g p(x — evz) dz
0

+oo
/ |:67 J§ v(z—evs,v)ds _ efu(r,v)z cv - pr(x _ E’UZ) dz
0
+oo
+/ e V@VZ (o . Vop(x — evz) — ev - Vop(x)] dz
0

+oo
+/ e V@2 ey Vo) dz
0

and so an integration by parts yields

£

+oo
T Yev-Vaup) = / [e* Jovia—evso)ds _ o—v(z)z| o Vep(z —evz)dz
0

+o0 1
b [ e L bt cvs) v
; v(z,v)

+oo
—|—/ e V@2 ey Vop(x) dz.
0
Using the symmetry assumption on F and v, we deduce:

+oq,
IT = 5_0‘/ v(x, v)/ [6_ Jo vie=evswids _ o=v(@0)z| oy (2 — evz) F(v) dz dv
0

lvl<1
+oo
+e @ / / e V@Vzc2y . D2p(x — cvz) - vdzF(v) dv
lwl<1Jo
and since F' is bounded, and
’67 Jg v(z—sev,v)ds _ efzu(a:,'u) < 0226701Z€|"U|

we deduce
15| L2 wny < C**||pll 2 (rm)
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Next, Assumption (9) and the change of variable w = ev yields:
+oo . 1
15 = 670‘/ / e~ Jo vle—evsv)dsy, (3 4) e Vop(x — evz) T dzdv
1<v|<1/e Jo |v]™

+w z ].
= / / e~ Jo vlemwsw/e)ds o fe) w - Vop(x — wz) e dz dw
e<|w|<1J0 w|

and proceeding as with I5, we deduce

+OO . J—
I3 = / V(x,w/e)/ [e* Jo via—ws,w/e)ds _ e*”(z’w/g)z} Y VepT ~ W) Vaplz = wz) dz dw
0

e<|w|<1 lw|mte
+ - e V@2 D2 p(x — wz) - wdz# dw
e<|w|<1 Jo i |w|nte

and so
I115]] L2y < Cllpl| a2 @n)-

Finally, to estimate I§, we use the formula

€

+oo
T (ev - Vap) = */ e~ Jo vlz—evs)ds (0 oy v) [p(z — evz) — p(z)] d=.
0

Assumption (9) and the change of variable w = ev then yields:

+o0 _ _
I3 = */ / e Jo ”(xfws’w/g)dsl/(z,w/a)l/(x—wz,v) [p(a: wz)+ p(a:)] dzdw
lw>1Jo |wlnte

and so

I1I5]22ny < C|lpl|L2@ny-

We now show how to obtain higher order estimates: We have

O, L5 (p°) = e ¢ Op,v(2,0) T (ev - Vaup) F(v)dv
R'Vl

— / o 0) T 00T 0 Vap)) (o) do

+e @ / v(x, )T Hev - V0, p) F(v)dv.

The last term is just L¢(0,,p) which can thus be bounded by the previous step.
The first term is treated in a same way as L°(p) except that we need to use the fact
that al—y’y is even and bounded.

Therefore, we will only detail the computations concerning the second term. We
split it into three integrals corresponding respectively to |v| < 1, 1 < |v| < % and
] > L.
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First of all, we handle the |v| > é part. For that purpose, we use (9) and the
usual change of variable. It leads to

5 = 767.1/ v(x,v)T. (8o, vT7 ev - Vap)) F(v) dv
|1;|>1
+oo—/ x—ws, )ds ptoo— / v(z —w(s+ 2), %)d
B /’w\>1 / /
Oz, V(T — wz E)lx(az—w(z—i—E) E)[ (z—w(z+7%2))— (w—avz)];dvdzdé
T; ) c ) c P P |w|n+o¢ .
Thus,

15|l r2@ny < Cllpll L2 @n)-

Next, for |v| < 1, we write

B o= = [ @) 0T o Vap) Fe) do
|lv]<1

+o0 —/ v(z — evs,v) dg+oo —/ v(z —ev(s+z),v)ds
—Eia/ V(CL‘,U)/ e Jo ] e Jo
v|<1 0 0

I
Oz, V(T — evz,0)ev - Vap(z — ev(z + Z)) F(v)dvdzdz

which can be written

+o00 f/ v(x —evs,v)ds
5 = —5_0‘/ I/(.’L’,’U)/ e Jo Oz, V(T — €v2,0)
v|<1 0

/+°° _/ v )ds v (x’v)]fv~pr(fv—ev(z+2))F(v)dudzdz
—570‘/“@9: . /+o<> —/ (x —evs,v g v evz, v)/+oo6 20 (z,v)

ev - Vap(z — ev(z + 2)) F(v)dvdzdz.

Since
— [ v(z—ev(s+2),v)ds -
[6 /O 76721/(ZE,’U)} <E|'U|(Z+Z)2 70'127
we get
[|13]|2@ny < H1251||L2(]R")+52_a||vP||L2(R”)
where

+o0 —/ v(z — evs,v) ds
I3 = —570‘/ v(z,v / O, v(z — evz,v)
lv|<1

/ e 2@ ) ¢y Vap(z —ev(z + Z)) F(v)dvdzdz.
0
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On the other hand

+<>07/ v(z —evs,v)ds
5, = —s_a/ V(;r,v)/ e Jo Ouv(z—cvz,v)
|v]<1 0
(e
/ o zv(z,v ev - Vap(z —ev(z + 2))F(v)dvdzdz
0

+o0 — v(z —evs,v)ds
— @ / v(z,v) e Jo  [Ogv(z—evz,v) — Ogv(z,v)]

|[v]<1 0

+oo _
/ e (%Y oy v, p(a — ev(z + 7)) F(v)dodzdz
0
400 — v(z —evs,v)ds
767(!/ v(z,v) e Jo O, v(x,v)

+oo
/ e—zy(m, v) ev - Vap(z — ev(z + 2))F(v)dvdzdz
0

and then, since
[0z, v(x — evz,v) — Oz, v(z,v)] < elv|||V||w2.e,

we have

15102 @ny < | T22|L2@n) + 5270‘HVPHL2(]R")

where

+oc>7/ v(z —evs,v)ds
5, = E_a/ V(x,v)/ e Jo Oz, v(x,v)
lv|<1 0

+oo _
/ e (%) oy v, p(a — ev(z + 2)) F(v)dvdzdz.
0

In a same way
1152]| L2 @ny < [|133]| L2 +E2ia||vP||L2(R")
with

T —av(@,v)
I5; = 75_“/ V(:c,v)/ e VU O, v(z,0)
lv|<1 0

—+o00 —
/ e (8,Y) oy v, p(z — ev(z + 7)) F(v)dvdzdz
0

An integration by part in z gives

T —av(a,v)
Ly = *E_a/ / e VY g, v(a,v)
lv|<1J0

“+oo —
/ 2v(T,v) 2, D?p(x — ev(z + 2))vF (v)dvdzdz
0

—+oo _
—a_o‘/ O, v(z, 1})/ G Vep(z — ev(z))F(v)dvdzdz.
[v|<1 0

Another integration by parts gives
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—+o0 _
—e ? / O, v(z,0) / e 2V (@) oy Vap(x — ev(z))F(v)dvdzdz
o<1 0

—+o0 _
= - / Ousv(@,v) / e~ (2,0) 2, D?p(x — ev(Z))vF (v)dvdzdz
o<1 0

v(z,v)

v(z,v)

—e @ / Mev - Vaep(z)F(v)dv
|lv]<1

in which the last term vanishes (by symmetries).
Finally, we get

[172]]2@ny < Cllpllp2@n)

and the same computations for € < |w| < 1 where w is the change of variable w = g reads
||I§|‘L2(R”) < C||p||H2(R")

where

I3 = 7670‘/ v(x,v)T. (80, vT7 (e - Vap)) F(v) do.
<|v|<=
We obtain finally,
102, L (0|2 any < CUILT ()l 2amy + CCY N10pll2@my + Y 10%pllL2can))-

|k|=2 |k|=3
Proceeding similarly, we can show (43) for all k£ > 2. O
Proposition 3.2. For all p;, € H*(R") (for some k > 0), the equation
Op+Le(p) =0 inRy xR
tP (p) . + (45)
p(0,z) = pin in R"
has a unique solution solution p° € L>(0,00; H*(R™)) for all ¢ > 0. Furthermore,
if k> 2, then

10%[| Lo ([0,00), HF 7)) < C and
||L5(p5)||L00([0,oo)7Hk—2(Rn)) = Hatp6||L°°([0,oo),H"'*2(]Rn)) <C,
with C independent of €.

Proof. First, we have to prove that p® exists for € > 0. For a fixed € > 0, the operator
L? (defined by (42)) is clearly a bounded operator on L?(R™). Furthermore, we have:

/ L# (p)pdz O‘/ / pvT N ev - Vop)F dvdx

= fefa/ / pev -V (T (ev - Vep))F dodx
R~ JRr

*O‘/ / cv-Vap T, Hev - Vop)F dvdx

/ pT.T. Hev - Vaup)F dvdx
n Rn

=

1
-« T.(91) g1—= dv dx
/" o (90915
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where g1 = —7."(ev - V,p)F. Hence

€
5_“/ / \ \QZdvdx—i—a_“/ / (ev-Vag1) lalvdﬂc
- g1 I en Jan g1 91F
v
a_o‘/n /n \gl\gfdvdx (46)
0.

In particular, the operator L¢ is monotone and Lax Milgram’s theorem implies that
for any f € L?(R"), the equation

p+L(p) = f (47)

has a solution in L?(R™). We deduce that L is maximal monotone, and thus
Hille-Yosida’s theorem implies that there exists a unique p® in C°(R*, L2(R")) N
CL(R**, L?(R™)) solution of (45).

/nLg(p)pdw

>

We now prove the uniform estimates on ||p®|[ e ((0,00), % (rn))- Note that since
Op® = —L°(p°) satisfy the same equation as p® with initial condition 9;p°(0,-) =
—L#(po) € H*"2(R"), the other estimates will then follow.

Multiplying equation Equation (41) by p® and using (46), we now get:

1d
Sl ey = Orp° p°da
gt 1@ e

—/ L(p%) p° dx
Rn

—5_0‘/ / |g§|2%dvd:)§.
R’n n

Since p§ is bounded in L?(R™), this implies in particular

1P° L (0,00:L2(mm)) < C
and
||gi||L2(0,oo;L§_1(Rann)) < Ce?. (48)
Next, we show how one gets a similar estimate on V,p®: We write

1d

5 glIVertlliagn = OiVap® - Vop de = — | Vup° -V, L*(p°)da

R R
= —670‘/ Vep® -V, (1/];1(511 . prs)) Fdvdx
n Rn
= —5_0‘/ Vep® -V (TETE_l(Ev . prg)) Fdvdx
n ]Rn

b [V Ve (e VAT e Vo)) Fdoda

= —e_o‘/ Vi(ev - Vgp®) -V (7-8_1(61) . Vmps)) Fdvdz.
n R”L
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Which gives (since g5 = 7. 1 (ev - V.p°)F):

€

1d
§@||Vmpe|\%2(mn) = / / (v +ev-Va)gi) - ngl dv dx

1
e / Ve(vgs) - Vagi s dvde
n R7l

1
e [ AV Vo Vagih) g do e

IN

where we used (7) and (8). Using (48), we deduce:

HVQ:psH%OO(O’OO;L2(Rn)) < 07
and
HvngH]ﬁ(o,oo;LQ L (R xR™)) < Cez.

Proceeding similarly, we can show that for any multi-indice k = (k1, k2, ..
we have
a 1
2dt|| p||L2Rn) < —e /HAHV|8§QT\2dedx
7 7 g 1
w0 [ ek etloken] 3 dvds
1< il <[]
<

1
2 _a/n/ ak |2dedx

+C Z // 8k g dvdx.

1<li<||

By induction on |k|, we deduce that

||afps||2Loo(o,OO;L2(Rn)) <C,
and
||8§gi||L2(O,OO;Li‘71(]Rnx]Rn)) < Cez.

19

O—O — (> 1 -
€ /n RW|V191|2fdvdx+Cs /n /ng1 dedx

k),

O

Remarks 3.3. Note that as usual with the heat equation, it does not seem possible
to derive estimates in L*(R™) (and such estimate do not follow from L? estimates
in unbounded domain). This is the reason why in our main result, Theorem 1.1, we

obtain convergence in L3._, rather than L.

3.3. Some estimates for the collision operator. In this section, we establish
a couple of auxiliary results concerning the operator @ that will be needed in the

next section. First, we prove the following consequence of Proposition 2.2:

Corollary 3.4. Let h(v) be such that [, h(v)dv = 0 and h/F € L>(R"), and let

g=Q (h). Then g/F € L>®(R") and there e:msts a constant K such that
9/ F ||z @n) < K|[h/F || Lo ®n)-
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Proof. We have
1Pllzz_, wny < 1A/ FllLoo gn),
and so Proposition 2.2 implies that g = Q~!(h) exists and satisfies
lgllzz , @ny < Clikllz_ @y < CllR/Fl oo )-

Next, we can write

1
o= | [ ottt Fw) 4 ae)
We then deduce that
lg@)] < C(lgllrr @ F(v) + |h(v)])
< Cllglez_, @ F ) +[R(v)])
< Clh/F||pe@n)F(v),
which completes the proof. O

Next, we prove:
Proposition 3.5. There exists C' such that for all function h(x,v) we have

QH (T (ev- V.h)F)
—

L3 (R™; L2 (R™))
< Celhl| 2 @ninge@ny) + O + )| Vahl|z @nire @n))

for all e > 0.
Proof. We start by noticing that

QT (v - Vah)F) (a,v)

= / o(z,v,v") /OJFOO e~ Jo vt W) ds oyt g bz — ez’ 0 ) F(0')dzdv' F(v)
is very similar to e*L¢(h) (which is of order £%), though the lack of symmetry with
respect to v prevents us from using the result directly (and explain why this term

is of smaller order).
In particular, it is still natural to split this integral into three parts:

QT (T ev - Voh)F)(w,v) = (If + 15 + I5)F(v)
where
/ o(z,v,0") T ev' - Vih) F(v') dv',
v’ <1
/ o(z,v,0") T (ev' - Vih) F(v') dv',
1< ]/ |<1/e
z,0,0) T (v -V, h) F(v') dv'.

We then note that

~/|v’>1/€
I :/ (z,v,v /
\v'\<1

Fy(z— avsv)dssv V. h(g;fgvz ’U) (U’)dZdU,
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and so
—+oo
11 (v)] < 05/ / e 7% ||Voh(x — ev'z, ) || Lo dzdv’.
lor|<1 J0

We deduce
15 [| L2 (Rr; 250 (R Y)) < Cel|Vah||L2 (mr; Lo mr))-

Next, Assumption (9) and the change of variable w’ = ev’ yields:

15 = / /+°Z(x v v )e~ Jo via—ev's.v) ds ev’ - Vaoh(z — ev'z,v') dzdv'
1<v|<1/e Jo o vf[nter
+ !’
= aa/ o(x,v ﬂ/)/ 02_ Sz o',y as W Vah(z —w'z, 57) dz dw'
<<l € Jo |w! [t ’
and so
IE = (Oe® oo —00z / ‘w/‘ ’
Bl = o c<pwicido © Vel =z Jllze [t dedw

Using the fact that fs<|w,|<1 % dw' < C(1+¢e'~%), we deduce

[w’
|w'|

1/2
[w!|r+e IVahllza gespe ) dwl)

<fw'|<1 W

| 1/2
X / T dw’
e<|w’|<1 |w’|

< Cle+ €a)|‘vmh‘|Li(Rn;L$o(Rn)).

15| L2 (gniLoegn)) < Ce® (/
€

Finally, to estimate I5, we use the formula

+oo
T Y(ev-V,h) = —/ e~ o vlemevs)dsy, (4 cyz v) [h(z — evz,v) — h(z)] dz.
0

€

Assumption (9) and the change of variable w = ev then yields:

+o0 . P w’
I§ = _Ea-/ / effo v(z—w 87?)dsl/($,f)l/($—w,2,’l))
lw'|>1J0 <

w' w’

[h(x — 'l,U/Z7 ?) — h(.’f, ?)] W dz dw/

and so
1511 22 &L (mmy) < C®||hl| L2 Rn Lo (B -
O

3.4. Convergence of f¢—p°F. We are now ready to prove that f¢—p®F converges
to zero. More precisely, we are going to show the following proposition:

Proposition 3.6. Let f¢ be a solution of (32) with f¢(0,z,v) = pin(z)F(v) and
p° be the solution of (45). Then

1% = P F@)ll Lo 0,00:L2 _, (mnxrm)) < C(e*? + &) Ipl| L= (0,003 (®)) -
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Proof. The expansion (33) gives

1/ = P F)llLo 00022, ®2ny) < N9illpoerz | + 11952 (49)
F F F
(50)
Flgsllpere , +1rfllerz - (51)
Furthermore, the remainder r° can be estimated by multiplying the equation (37)

by r¢/F and integrating with respect to « and v. Proposition 2.2 (iii) then yields

||7’E|\L<><>L§D_l < ||atgi|‘Ll(O,oo;Li_l(RM)) + ||3t9§|\L1(o,oo;L§_l(R2n))
'H|8tg§||L1(0,oo;Li;71(R2")) + E_a‘|Q+(g§>||L1(0,<><>;L§:71(R2"))

Hlg1(0, )22, @eny + 11950, )22 eny + 11950, )22 | (re2ny-
(52)
We now see that Proposition 3.6 will be proved if we can show that all the norms
arising in the right hand side of (51) and (52) go to zero.
All the necessary estimates are collected in a sequence of Lemmas below, which
altogether complete the proof of Proposition 3.6. O

Lemma 3.7. There exists a constant C such that
gtll e (0,00;22 _, (m2m)) < Ce? ||p°]| L. (0,005 (R7))
and
1097 Lo (0,002, (m2m)) < Ce?||p°[| Lox (0,00;13 ("))

Lemma 3.8. There exists a constant C' such that

IN

||g§||L°°(0,oo;L;71(R2”)) ||9§/F|\Loo(o,oo;Lg(Rn;Lgo(Rn)))

IN

C(e” + )| Lo (0,00;H2(R))
and

||3t9§\|L°°(o,oo;L2F_1(R2n)) <C(e* + 6)\|PE||L°°(0,<>0;H4(1R"))'
Lemma 3.9. There exists a constant C' such that

|‘g§|‘L°°(0,oo;L;71(R2")) < C(e” +&)||p° || Lo (0,00, 12 (7))

\|8t9§||Lw(o,oo;L2F_l(R2n)) < CE™ +)llp° || Loe (0,00; 14 (RN))
and
||Q+(g§)|‘L""(O,OO;LQF,I(RQ")) < Ce” [504/2 + gl_a/Z]||p€||L°°(O,oo;H2(R”))~
The proof of this last lemma will require the following estimate:

Lemma 3.10. There exists a constant C such that

V.95
F

<C(e*+ €)|‘p€||Loo(07oo;H2(Rn)) + Cga/2||p€||L°°(0,oo;H1(]R"))-
L>(0,00;L2 (R™;Lg° (R™))

The rest of this section is devoted to the proof of these lemmas.
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Proof of Lemma 3.7. We recall that (48) yields
||gi”L2(0,oo;L;71(R2n))) < CS%

However, we have to work a bit more to get an estimate uniformly in time.
We recall that

gilta,) = T7'(ev-Vopd)F

“+o00
= —¢ / e~ Jo Wla—esv)dsy, g of (1 — cz0)F(v)dz.  (53)
0

Therefore

€ t 2
/n / 791( ’}f’v) dvdz

o 3 % dwd
= Cga/ / </ e Jo Wlemsw ) dsy, g o (2 — zw)d2’> F (E) %
" |w‘>5 0 I ETL «
2

+oo
+ 2 / / (/ e~ Jo Wlw=esvw)dsy, g oe (g — EZU)dZ) F(v)dvdz.
» Jwi<1 \Jo

Splitting the first integral and integrating by parts, we get:

£ t 2
/n /n 791( ,Fxm) dvdz

< a/ / </+OE> w) - [Fw(z—sw ﬂ)ds[ s( ) s( )]d >2dwdx
<e v(iz — zw, —)e ) (1 — zw) — pf(x)]dz | ———m
nJ Jw|>1\J0 € |w|nte

2

to ., w 1
+e&” / / (/ e~ Jolamsw. D) dsy, g 5 (2 — zw)dz) e dwdr
n J1>|w|>e 0 |’LU|

2

+oo
+ 820/ / (/ e"70% |V p% (x — ezv)dz> dvdz
R Jjo)<1 \Jo

and so
gillzz _, geny < C2[p%]|L2@n) + (€2 +&)[[Vap®[|L2@n))

which gives the first inequality in Lemma 3.7.
Differentiating (53) with respect to ¢ (note that only p° depends on t) and pro-
ceeding similarly, we deduce:

10:gillLer-1reny < C(e2||0ep|IL2mn) + (€2 + )0 Vap®|lL2mn))
CE?||p"||m2@n) + (€% + )| Vap®||r2mn))-

IN

Proof of Lemma 3.8. We recall that (35) gives
9% = Q7 (—Q7(gi) —"0up°F)
= Q7 (= QT (ev Vap*)F) + " L%(p°)F)
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and so Corollary 3.4 yields
g5/ Fllpe@®ny < Cll— QT (T, (ev: Vop®)F)/F + e L7 (p°)|| oo (r)

and so

g5/ FllL2@nise@ny < CIQH(TT(ev - Vaup®)F)/FllL2 @niLee ey
+e[| L (p%)]| 2 (rm)
< C||Q+(Tel(5’0 : VmPE)F)/FHLg(Rn;Lgc(Rn))

+e1p% | 2 men)
Furthermore, Proposition 3.5 implies
QT (T (ev - Vup*) F)/Fl| 12 e mny) < Cle + )l || m)
which yields the first estimate.

Next, we write

drgs = Q (= QYT (ev - Vadip)F) + L7 (8:p°)F)
and so the same argument as above yields

110951 (0,00:L2 _, (m2my) < C(™ + &)[10:%| Low (0,001 12 (B)) -
Since O0yp° = —L*(p°), we have

100%| | Lo (0,005 12 (R)) = |0 20 (0,003 14 (R7))
and the second estimate follows. O
Proof of Lemma 3.9. We note that
H,Te_thLQFfl(R?") < ClAllL2 _, eny
for any h in L%_, (R*"). Thus, noticing that g§, satisfies
(v+ev Vi)gs=ev-Vagy or (v4ev-Va)(gs—g3) =vg;

we get:
|\9§|\L§71(R2n) < C||9§||L;71(R2n) <C(e" + 5)Hps||H2(R")

and a similar argument gives the bound on 0,g5.

It remains to estimate Q7 (g5). Proposition 3.5 implies

Q*(g5)
F

g5

F

< Ce®
L2(R™;Lge (R™))

+C(e*+¢)
L2 (R";Lee (R™)

L2 (7L (B7))
(54)

V295
F

and Lemma 3.8 yields
195/ Fll L2 (Rn;1oe (mm)) < C(e® + e)lp®| 2 (in)-

Furthermore, Lemma 3.10 completes the proof of Lemma 3.9, since it implies

+(.e
‘ Q7 (95) < Ole®(e™ + &) + (6% + €)% + (e + &)]|10°| | 2 (mn) -
L2 (R";Lge (R™))

F

O
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Proof of Lemma 3.10. First, taking the derivative in the equation satisfied by g5,
we obtain:

Q(V295) = Qu(95) — Q7 (97) — QT (Vagi) — eV (L5 (p%))F. (55)
where @), denotes the operator defined as @ with V, o instead of . We need to
derive some bound on all the terms in the right hand side of (55).

First, it is easy to check that
Qz(95
HZ&Z) < O|\9§/F||L3(R";L3°(Rn))
L2(R™;Lee (R™))

and
Q7 (g%)
F

< C|‘9§||L;71(R2n)'
LZ(R™; L (R™))

Furthermore, V,¢{ satisfies
(V(:L'7 U) +ev- vm)vxgi = _vﬂ/gi —Ev- Vx(VmPSF)
and so )
Q" (Vagi) = Q+(7::_ (—ev - ViV pF))

—Q (T (Vavgi)).

Proposition 3.5 implies

1Q* (T2 (v - VaVap™F)) [F| g2 grnsnszy) < C + )llp ey
while we clearly have

||Q+(7:1(VzV9T))/F|\Lg(R";Lgo(Rn)) < C||7:1(Vx1/9i)||L;_1(R2n)

< C||vwl/gf||L";71(R2")
= C||9§‘|L2F_1(R2n)
< CEa/?HPEHHl(R")-
We deduce
Q1 (Vag§ . _ o
‘(Fl) < CE™ +&)|p° || m2(rny + C™2| ||| 1 ()
L2 (R7;Lo (R™))
Finally,
COVL(LE () = — i V. (Q1(g9)) dv
= — | QT (Vugh)dv— [ QF(g5)av
R7 Rn
and so
+v € i
R o e
E LR L (R™)) Foo gz geipeeey)

IN

C(e™ + )16l m2rn) + C2|1p% |1 )
Putting the pieces together, (55) implies (together with Corollary 3.4) that

H V295

I3 < OE™ +9)llp|| a2 + C5a/2||PE||H1(Rn)-

L2Lge




26 NAOUFEL BEN ABDALLAH, ANTOINE MELLET AND MARJOLAINE PUEL

3.5. Passage to the limit in the fractional diffusion equation. Proposition
3.6 implies

I[f€— pEF(v)HLOO(O,OO;LQ _ (R xRn)) T 0.

F

To conclude the proof of Theorem 1.1, it thus only remains to show the following
proposition:
Proposition 3.11. The solution p° of (/5) converges strongly in L>(0,T; L*>(R™))
to po(t,z) solution of (13). More precisely:

16° = pollL=(o,m:22mm)) < CTE" "2 po| Lo (0,00: 12 (m))-
First, we recall the following simpler result (which is proved in [13]):

Proposition 3.12. The solution p° of (45) converges weak* in L°°(0,00; H*(R™))
to po solution of (13).

Proof. Let ¢(t,x) be a test function in D([0, 00),R™), the weak formulation of the
equation (45) gives

/O 70~ 15(6)) dtda = [ 60.2)pn(0.)dz.

Furthermore, it is proved in [13] that for any smooth function ¢, L°(¢) converges
to L(¢) uniformly in 2 and ¢. Together with the bounds on p® given by Proposition
3.2, this implies Proposition 3.12. Note also that by lower semicontinuity of the
norm with respect to the weak convergence, we get:

HPOHLO@(O,oo;Hk(BR)) < Hp8||L°°(0,oo;Hk(Rn))-
O

Proof of Proposition 3.11. In order to show the strong convergence, we note that

A (p° — po) + L*(p° — po) = L= (po) — L°(po)

1/2 1/2
/Ip — pol* dzx < (/ILE po) — L (po) le") (/P —polzdw) :

We deduce
1/2 T 1/2
([ - e ac) [ (10 - opac) ar
T|IL*(po) — L°(p0)l] o< (0,00:L2 (R

A computation similar to that of the proof of Lemma 3.1 now gives

[ 185 0) Lpw) o [ 115(90) +15p0) - Llow) P+ O ol oy

where

and so

IN

IN

+oo
I(po) = /<| - V(Z'yw/&?)/o |:ef Jov(z—wsw/e)ds _ e*V(Lw/a)z]
>4 w
1
w - Vepo(r —wz) ——— dzdw

| ‘n+o¢

+oo
1
+/ / e V@2 D2po(x — wz) - wdz——— dw
e<lw|<1 0 ’ jw[rte
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and
I5(po)
= f/ /Jreoo Js ”(I*“’S’w/s)dsl/(aﬁ, w/e)v(x — wz,v) [po(x —w2) — po(x)] dzdw.
lwi>1J0 w|rte
But

[ 115000) + T5(00) = o) P

[6_ J§ v(z—ws,w/e)ds _ efz/(:v,w/s)z] 2

S/n //V(x,w/s) M w - Vo po(z — w2)dzdu] dz

0 J|w|<e

2
o0
. 1
+ / / / e V@w/Ezy . D2po(x — wz) - w dz—r——dw | dz.
R™ 0 |lw|<e |w|

and so

[ 11500 + I5(00) = Lipo)Pde < 0/ [~ dw o1 2 e o poutrz )
n w|<e
< 27 pol[T o 0,00: 12 (r7))
which allows to conclude. O
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