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Abstract

This paper is devoted to the diffusion approximation for the 1-d Fokker Planck equation
with a heavy tail equilibria of the form (1 4 v2)7#/2, in the range 8 €]1,5[. We prove that
the limit diffusion equation involves a fractional Laplacian n|A|%, and we compute the
value of the diffusion coefficient k. This extends previous results of E. Nasreddine and M.
Puel [17] in the case 8 > 5, and of P. Cattiaux, E. Nasreddine and M. Puel [7] in the case

B =5.
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1 Introduction

1.1 Setting of the problem

In this present paper, we deal with the equation

Of+v-Vuf =Q(f), provided fy >0, (1.1)

the unknown f(¢,z,v) > 0 being interpreted as the density of particles occupying at time ¢ > 0,
the position € R? with a velocity v € R?. We give a presentation of the problem in any
dimension d but the result proved in this paper concerns the dimension 1 The Fokker Planck

operator () is given by .
Q(f) =Vy- (;vv(wf)) (1'2)

for a fixed function of v, w(v), that determines the equilibrium F' ~ %

Recall that the aim of diffusion approximation is to provide a simpler model when the
interaction between particles are the dominant phenomena and when the observation time is
very large. For that purpose, we introduce a small parameter, €, the mean free path and we
proceed to a rescaling in time and space

which leads to the following rescaled equation (without primes)
0()0uf° +ev- Vi ft =Q(f°). (1.3)
Passing formally to the limit, we get that
& —rem0 [ = plt, 2) F(v)

where F'(v) is the equilibrium defined above. It remains to identify the equation satisfied by p.

When the equilibrium F' is a gaussian, it is classical (see [2],[5],[13],[14],[11] for Boltzmann
and [12] for Fokker Planck) that by taking the classical time scaling 6(g) = 2, we obtain for p
a diffusion equation

Oip — V.(DVp) = 0 (1.4)
where
D= /le(—vF)dv. (1.5)
Indeed, the formal expansion f& = f0 +ef! +£2f2... gives
Q(f) = 0

Q(fl) = U-foo
Qf*) = afl+v-Vf!

and the compatibility equation for the equation giving f? gives
o [ £+ [V-Q 0 var) =0

which is another formulation of (1.4) since f* = p(t,2)F(v) and F is normalized by /F =1.

02
In the present work, we consider for any 3 > 1 heavy tail equilibria F(v) = — with

w=(1+ \UP)g and Cg a normalization constant. In [17], the classical scaling is studied and it is



proved in any dimendion d that we obtain a diffusion equation (1.4), (1.5) as soon as > d + 4.
The critical case where = d+4 is studied in [7] where the expected result of classical diffusion
with an anomalous time scaling is proved.

The aim of this paper is to study the case where 1 < 8 < d+4, when the diffusion coefficient
(1.5) is not defined anymore. We need to operate an ad hoc rescaling in time that we will compute
during the proof. Fractional diffusion limit has been already obtained in the case of the linear
Boltzmann equation for heavy tail equilibria when the cross section is such that the operator has
a spectral gap (see [16] for the pioneer paper in the case of space independent cross section, [17]
for a weak convergence result and [3] for a strong convergence result) and when the cross section
is degenerated [3]. The main difficulty of our case is due to the fact that the Fokker Planck
operator () has no spectral gap. The idea here is thus to study the whole operator, advection
plus collision, at € fixed, to compute the first eigenvalue and its corresponding eigenvector. The
dependency of the first eigenvalue with respect to € will give us the right time scaling and the
power of the limiting fractional diffusion operator. Note that a fractional diffusion has also been
obtained for a Fokker-Planck like operator in [3], for which the result is obtained thanks to
the spectral gap of the operator. In the present paper, it is not enough to project the solution
onto the kernel of the operator. Note that a spectral analysis of the whole operator is much
easier in dimension one since we deal with two order differential equations. However, since we
conclude by using the moment method, we just need to construct a sequence converging toward
the equilibrium thus we don’t need a complete spectral study with the correctors. Therefore,
the multi dimensional-case should be possible to handle with such a method.

Outline of the paper

In the next subsection, we recall the previous results obtained for this equation with heavy
tail equilibria, we quote the main theorem of this present paper and proceed to a change of
unknown. It is followed by a section dedicated to the computation of the first eigenfunction and
eigenvalue. Finally, in section 3, we apply the moment method to complete the proof of the
main theorem.

1.2 Previous results

The functional setting of the study of equation (1.3) has been settled in [17] where we define
the functional ad hoc spaces Y.} (RZd) =LP (Rd, Hp(Rd)), where

H,(RY) = {f ‘R — R,/ IfIP WP~ dv < oo} , (1.6)
R4

where w = (1 + Hsz)g and
LERY) = {f :RT = R, fu € L®(R%)}.
Define

V:{f:Rd—ﬂR,/ |f]2wdv<ooand/ de<oo}, (1.7)
R4 R4

V' being its dual.

Operator’s properties. We sumerize in the following proposition the main properties of the
interaction operator.

Proposition 1.1 [17] Let f and g be smooth functions in V defined in (1.7). The following
assertions hold true:



1. The operator Q is conservative, thus equation (1.3) preserves the total mass of the distri-
bution

Q(f) dv=0, forall feV.
Rd

2. The operator Q is self-adjoint with respect to the measure w dv:

/ Of) guwdo—— [ YL@ Volgw) / fQg) wdv.  (L8)
R4 Rd w Rd
3. The operator Q is dissipative:
_ Vo(f w)l?
RdQ(f)fwdv——/Rdwdvg(). (1.9)

4. The kernel of Q is one-dimensional and spanned by %

5. The operator Q is continuous from V. — V.

Existence theorem. We recall the following theorem inspired from [10]

Theorem 1.2 [17]Let ¢ be fived. Assume that fo € Y2(R?), equation (1.3) has a unique solution
f in the class of functions Y defined by:

Y = {f e 12 ([O,T] de,V), 0(2)O,f +cv-Vauf € L2 ([O,T} de,v')}.

Classical diffusion approximation. The case where 8 > d + 4 leads to a diffusion equation
as described in the following theorem.

Theorem 1.3 [17] Assume now that § > d + 4. Assume that fo is a nonnegative function in
Y2NYDE with p > 2. Assume that 0(c) = €2, let f€ be the solution of (1.3) in'Y with initial data
fo. 2
Then, f¢ converges weakly star in L™ ([O,T], Yf(RQd)) towards p(t,x) % where p(t, ) is the
unique solution of the system

Op+Vg-j=0 (1.10)

j=—D Vgp, (1.11)

where the initial datum is given by po(z) = / fo dv, and the diffusion tensor D is given by
R4

D= v® x dv, (1.12)
Rd

—C2
where x is the unique solution of the cell equation Q(x) = j " with / x dv =0.
R4

Critical case, 8 = d + 4.

Theorem 1.4 [7] Assume that B = d 4+ 4. Then there exists k > 0 such that, with 0(¢) =
e2 In(1/e), for all initial density of probability fo, the solution f{ of (1.3) weakly converges as
e — 0 towards

(v,) > G35 (0) (ho * p0)(2)
where p; s the density of a centered gaussian random vector with covariance matriz (2k/3)t 1d

and ho(z) = /f()(l‘,’U) dv.



1.3 Main theorem

Assume from now on that the dimension d = 1.

Theorem 1.5 Assume that 1 < 8 < 5 with 8 # {2,3,4}. Assume that fo € L*(R x R) is a

nonnegative function in Y2 and fow € L®(R x R). Let f¢ be the solution of (1.3) in Y with
initial data fo, when 0(c) = e

L
Let k = 202(6 +1)9~ =u COS(%BT)FE AT ; > 0, where T is the Euler function.
2

Cs
Then f¢ converges weakly star in L* ([0, Y2(R?)) towards p(t,x) —2 where p(t,z) is the
solution to

+1

Op+kK(=A) s p=0, p0,z)= /fodv : (1.13)

Remark 1.6 Note that we will work with the Fourier transform of p and we will prove that
p(t k) = [e @ p(t, x)dx satisfies

0up+ wlk| 5 p = 0. (1.14)

Remark 1.7 The hypothesis  # {2,3,4} is technical. It avoids to introduce logarithmic terms
in the expression of the solution g in (2.4). However, the result is the same with the same
method.

Observe that a = % €]2/3,2[, and that for o €]2/3,2[, one has ¥(a) = cos(Fa) 128133 >0,
V(1) =7/2 and limy—yo V(o) = +00.

As we said, in order to prove this theorem, we compute the first eigenvalue and eigenvector
of the whole operator (—icv - V + @) and for that purpose, to simplify the computation, we
proceed to a change of unknown such that the new operator splits into a Schrédinger operator.

Changing the unknown. We start with the Fokker Planck equation

0f +v-Vaf = QU) = Vu(FVu(L))
with equilibria given by
C% C%
F= R
Q1P PPy

Since we impose v = g > %, F € L'(R), and we chose Cj such that /de = 1. In order to

work with a self adjoint operator in L?(R), we proceed to a change of unknown by writing
f=Fig
and the equation becomes

atg +v-Vgg = Fﬁ%vv(Fvv(%))

2

that can be written
g +v-Veg=Avg—W(v)g
with

1
W (v) = —§F—%v (F2VF).



We see the equation as
g =—Lg

where £ = —A, + W(v) + v - V, is a non negative operator since

(Lglg) = / |0ug|dv +/ W (v)|g|*dv = / Floy(=L))%dv > 0,
R R R /2
where (-|-) denotes the scalar product in L?(R). Thus

g=¢€¢ 4o

Since the operator has coefficient that do not depend on z, we operate a Fourier transform in x
and proceed to a second change of unknown by writing

g(s,2,0) = (2m)~! / ¢G5, €, v)dE

where ¢ satisfies
og=—Lg

where
Lg=—-Ayg+W(v)g+i(€-v)g.

Rescaling. We do a rescaling both in space and time

t=Ts, ¢&=T"'k.

Note that the rescaling in & corresponds to a rescaling in z = T % so that e™¢ = e,

The equation becomes
95§ = —TL:(9) (1.15)

with e = 791 and
L:(G°) = —Ag" + W(v)g" +i(v-ek)g® .

Classical diffusion corresponds to § = % When 8 < 5, the right scaling will be given by the

power of € of the leading term of the first eigenvalue of the full operator.

2 Spectral study of the operator :

In this section, for € > 0, we compute the eigenvalue u® with lowest absolute value and the
associated eigenfunction M¢ (normalized by M¢(0)=1) of the unbounded operator L. acting on
L2

LM = =AM+ W(v)M® +i(v-ek)M® = pu°MF°. (2.1)

In dimension 1, the equation leading to the eigenvalue can be written
[—02% + W (v) + kv — pf]M*® =0

and W is given by

v 2
W) = ——5 1)—1
) = 3 0+ D -1
and its asymptotic behavior for high velocities is
Ty +1)

W(v) ~u~oo ‘U|2



The domain of L. is
D(L.) ={g € I*(R), ;g€ L*(R), vgeL*R)}.

Note that for € > 0, the domain of L. is not equal to the domain of the limiting operator.
In dimension 1, the domain is compact, then the operator has a compact resolvent thus the
spectrum is discrete [9]. The construction of the eigenvalue turns out to be a connexion problem

between
EF ={g|L(9) —pg =0 with g € L*(+v > 0)}.

So we will first compute the solution for 1 and ¢ fixed of the equation
—02 M5 + W (v) M} + i(vek) My, = pM,

and we denote b(\, ) = (M*)'(0), A being defined by A = n_%u.
If we change v into —v, the equation remains the same except that we have to change i into
—1 (note that we use here the parity of the equilibrium M) which means that

M (v) = Mep(—v).

Thus, if we want to reconnect the derivative for v = 0 in order to have a C(R) function, we get
the constraint M*,(0) = —W’E(O) which is equivalent to

b(\,n) +b(\,n) = 0.

This condition will give us the expression of A function of 7.
The construction of the eigenvector is done via two successive fixed point. First of all, the
very large velocity asymptotic is given by a Airy profile solution to

(=0% +is—N)g=0 (2.2)

by neglecting the potential. The first fixed point process is performed to obtain a solution to a
first approximation of the equation with a simplified potential

(0% + w +ickv)f = uf, v €]0,00].

A last fixed point argument leads to the solution of the complete equation with the correct
potential.

2.1 Large velocities asymptotic : solution to an approximated equation

Since W (v) ~Jo]—oo W(Z}jl), we will first consider the approximated differential equation

(—02 + w +ickv)f = uf, v €]0,00[

or
—0202f + (v + 1) f +ickv® f = o f.

If we want to get rid of the parameter €, we need to proceed to the following rescaling
v = (5/{:)*%3, w= (ak)%)\

that leads to
(8202 +y(y+ 1) +is®)f = As®f, s€]0,00] . (2.3)



Near s = 0, equation (2.3) is a differential equation with regular singular points. We proceed
to a change of unkown by writing f = s%¢, with 6(6 — 1) = y(y+1),ied = —yor § = v+ 1.
Then the new unknown g satisfies

20
— %9 — ?ng + (is—MN)g=0. (2.4)

oo
Writing g = Z gns™ leads to the following equation for g,
0

[o¢]
- Z(n +2)(n+ 1)gpi2s™ — 20 Z(n + 2)gn42s" — 259 _ A Z gns" + 1 Z gn_15" =0,
n>0 n>0 8 n>0 n=1

that gives assuming ~ # %, k e N,

gnt2 = GrmmTiTzs A tigna] VR=0 (g1 =0). '
That define a unique solution if gy = 1. Define

Fia(s) =30 908" go=1,g1 =0, gy defined as above with § = —y

F_x(s) =30 9ns", go=1,q1 =0, gy defined as above with § =~ + 1. (2.6)

A basis of the solution space of equation (2.3) is thus given by the two independent solutions
Fia(s)s™7 and F_(s)s7.
F4 ) are normalized by F 5(0) =1 and are entire functions of s € C.

Proposition 2.1 Let F \ and F_  be defined in (2.6). There exists Ao such that for all A € C,
such that |A| < Ao, equation (2.3) has a unique solution Hx(s) such that

1. / |Hy(s)]*ds < 0.
1

2. Hy(s) = s 7Fy \(s) + d(A\)F_x(s)s7™!
where d(X) is an holomorphic function for |A| < Ap.

Proof. For s >> 1, we first consider the approximate equation
(=0% +is—N)g=0 (2.7)
that define a unique L?(s > R) solution (up to a constant) given by
Gi(s) = Ai[e’6 (s +i))]

where Ai is the Airy function given by

I R
Ai(z)zﬂ / (52 gt

Since we know the asymptotic profile of the solution to (2.3), we will look for a solution via the
following change of unknown

Hy = CAile' (s + iM)][1 4+ Ra(s)]



and perform a fixed point argument on R) that satisfies

1
QGI)\ />\+G,\ K: ’Y(WS;HG)\(:[—FRA)
that can be written o ( D
i / Yy +
R)\+2G>\ R/\:T(l"‘R)\)

and that leads to the implicit equation

o] z 2 >
R,\(s):/s / gé\\éuidu]ﬁy(lj1)(1—|—R,\(z))dz.

We need to prove the following lemma.

Lemma 2.2 Define

e z (2 >
i) = [ 1 G 28)

For sy > 0 large enough, there exists a unique Ry(s) € L*([sg,00|[) solution to
(Id — Ky) Ry = Ky (1). (2.9)
Moreover, Ry is holomorphic in |A| < Ao and Ry(s) = O(s_%) uniformly in |A| < Ao.

Proof. As we said, we apply a fixed point theorem. First of all, there exists a constant K such
that for all s > 1, |A] < A\¢ and z > s, we have

2 G3(2) K
|/s G ™= Ty

Indeed, let us denote U = {(x +i\)e’s, x> 0,|\ < Ao} For z € U, |2| > %, we have [18]

G
(1+z[)

3
Ai(z) = e_%ng(z), with <|7r(2)] < a

— 2.10
BNCERE)E (210

N

Then

z 2 . ) y
| gggzi du| < C/ o~ ARe(((z+iN) 2 ~(utin) B¢ T) g,
s by u s

- O /1 o~ 43 Re(((14i2) 8 —(t+i2) B F) 4

IN

ZOO 3 C

Cz/ e rdt ~ — ifz>s5>1.
0 z2

Thus for |A] < Ao

n—i—%

|53 K\ (9)(s)] < KA(y + 1) / - 19(2)2"|d.

3
ot g+l

Then K D

n+3 ’77_‘_ n

STIK oty < STy non o
| D oo ([1,00]) <3 115" gl Lo ([1,00])

Finally, K, is bounded in L*>([sg, co[) with

if s¢ big enough.

N |

2K _3
RN Loo ([s0,00]) < ?v(v +1)sy 2 <
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Then (2.9) has a unique solution in L>([so,00[), Rx(s), holomorphic in [A| < A¢ and, since
Ka(1) = O(s_%), we get the following asymptotics Ry(s) = O(s_%).
Moreover, since Kg\"ﬂ)(l) =0(s~ A ), the sum »_° Kf\nﬂ)(l) converges and we can write

the asymptotic expansion

Ry =Y K" (1).
0

U
Let us resume the proof of Proposition 2.1. Since Ai(e's (s 4+ i\))(1 4+ Ra(s)) is solution on
[s0,00[, by (2.10) and Rx(s) = 0(37%), we get that H), € L%([1,0)).
Moreover, it may be extended on 0, 0o[ by Hy(s) in an holomorphic way for |A| < Ao that
can thus be written
Hy = a(A)s 7 Fy a(s) +b(A)s"  F_ x(s)

where a(A) and b(A) are holomorphic for |[A| < Ag. It remains now to prove that a(0) # 0.
For that purpose, assume that a(0) = 0. Since v > %, we get that the solution of (2.3)
Hy(s) € L2(R*), and Hy(s) = O(s~°), then by integration by parts, since Hy(0) = 0 and since,
because of the asymptotic behavior of the chosen Airy function, |Ho(s)| <swo Cs7t1, we write

< = +1) - o
/ H6(5)|2+WSQ)|H0(S)|2+18]H0(S)|2ds:O
0

that leads to Hy = 0 which leads to a contradiction. To end the proof, we just define Hy(s) =
ﬁHA(s). O

Lemma 2.3 For all A € C, |A| < X\g and s €]0, 00, we have Hx(s) # 0.

Proof. If Hy(so) = 0, since Hgk) =500 O(s7%°) for any derivative of order k € N, as above,
by an integration by parts, we get

[P +tis + L) pas = [ i) Pas

It leads to - -
/ s|H,\(s)|2ds:Im)\/ |Hy(s)*ds = Tm\ >0,

S0 S0

o0 1 o0
/ ’Y(”Sj)yHA(s)Fds < Re)\/ |Hy(s)|?ds = ReX > 0.
S0 S0

More precisely, by summing those two equations, we get

7(7+1))

ImA\ + ReX > ¢p = ming>o(s + 5
= s

which contradicts the fact that |A| < Ag. Indeed, ¢y does not depend on Ay, and we can choose
Ao as small as we want which leads to a contradiction. O

In the remaining part of this section, we prove the fact that d(0) # 0. For that purpose, we
prove that

Lemma 2.4 Let Fy ) be defined in (2.6), we have

s Fo(s) ¢ L2([1, 00)).
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Proof. Stepl : Changing the unknown.
Following (2.5), we write

] 2 1
! d,, where a = vt
In+1)(n+1—a) 3

¢ N

o0
Fio=> dns™, withdg=1, dps1=
0
that can also be written
[oe)
Fio= Da(s?’), where D, = Zdnx".
0

By introducing the sequence h,, writing d, = (é)"};—? we get the following recurrence formula

hy,
ho=1 d h = —. 2.11
0 e fnt1 = +1-a ( )
Note that it implies that |dy,| < 97"(2)? which implies that |Dq(z)| < CeCVe,
Define now Fy(z) = Yo" h,2", we have for all t € C, Ret > 0,
© a it
/ e tDy(x)dx = tFa(g). (2.12)
0
Let us now study F,.
Step2 : Study of F,
Lemma 2.5 Let F, =Y o hy,2™ with hy, satisfying (2.11). One has
oo e—Z'U
Fo(2) =T — a)z%* + a/o de Vz € C such that Rez > 0. (2.13)

Proof. Since the sequence h,, is defined by (2.11), the function F,, satisfies the differential
equation
«
Fé — ;(Fa — F,(0)) = F,, F,(0)=1.

By integrating this equation, we get for z > 0
ae™?

gatl ds.

Fo(z) = Cla)z%€* + zo‘ez/

But by integration by part, we write

*© ae”* 1 1 ®(a—1)e*
ds = —e % ds.
/z gotl § Zae + 1—a /z s §

By iterating this process, we obtain

Rl = Lot oy @ gy [ ¢

n

— I+ :
N 1—« (I—a) - (n—a)

+2%*[C(a) = T'(1 — ) + m /OZ e 55" ds].



By letting n — oo, we get that

Cla)=T(1—-«)
o0
where T'(z) = / 2*te"®dz. Which concludes the proof of the lemma.
0

Step3 : Proof that D, is not a tempered distribution
Going back to (2.12), we obtain
o = t
/ e tDy(x)dr = tF,(i—)
0

then after the change of variable w =

-t
e ‘ov
1

1+ v)atl @]
oy the Laplace transform of 1,~0Dq(z) is given by
& I'(1-— ]
/ e M Dy (z)dx = | ChlC)
0

t . oo
tIr - a)(z’f)aelé + a/
9 o (
i 1 e ) 6—iw
—)%e'ox dw]. 2.14
) e +90‘/0 15 on)ort (2.14)
Since 1,50Dq(x) < Cecﬁ, the Fourier transform

0 .
/ e 1 ,20Dq (x)dz
0

exists and is holomorphic in Im¢ < 0 and from (2.14), we get
S .
/ e Dy (x)dx
0

I'l—a)
In (2.15), the term

1 00 efiw

—)%% + 9 dw. 2.15

e et O‘/O (1 + 9iwg)er1 ™" (2.15)
1

F(liiga)(g—lg)aeﬁ is not the Fourier transform of a tempered distribution.

Let us introduce Wy, the non tempered part of D,, i.e.

Wo(z) = M

/ T+ 3 <1>a d§
27 Ime<o

9%) i
To compute its asymptotic, we use the stationary phase method with the phase ¢(§) = x§ —i

The critical point corresponding to the point where ¢ equals zero is given by 3¢, = e iigpT2
and we get

1

gig.

Walz) ~pmoo col'(1 — )37 %22 1e
where 7 = ¢'1 + %6_2%. So

1
. 3
Z4O£€T$

Fo(s) ~smo0 o' (1 — a)37°‘537a736
which is not tempered.

3
s 5
’L4CM€TS

On the other hand, the second term is a Fourier transform of a tempered distribution, indeed
0 efiw
Yo /
o (

rla) [ ey a1

dw = F(1 e lar),
T+ oiwg)eri v = F a0 /0 © )
with r(a) = [ e*dz,

either.

where g is the contour in C connecting —oo to —oo with on loop conter-
clockwise around z = 0. Thus D, is not tempered and Fy o(s) = D@42+ (%) is not tempered
3

0
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Lemma 2.6 The L?([1,00)) solution of (2.3) is given by
Hy(s) = s VFy 5(s) + d(N)F_\(s)s7 !

)

where d(\) is an holomorphic function for |A| < Ao and d(0) # 0. Moreover

_ 29+l
d(0) = s g Lﬁl)
(14 =5=)

(2.16)

Proof. If d(0) = 0, then s™7F, ¢ = Hy € L*([1,00)) which is a contradiction by Lemma
2.4. We need to compute the asymptotic of the non tempered part of F ) and F_ ) in order to
compute the value of d(0), the unique value such that this non tempered part vanishes. Since

. 3
Fo(s) ~gmoo o' (1 — a)370‘s37a*36@§°‘e”2

we get,

1
=2

Ho(5) ~gmoo coe™ s 3 [T(1 — )37 %3257 7€ + d(0)(1 + )3%s3 2 s1 Ve 759
which, since s3%s™7 = 572" s*7 implies that the only value of d(0) such that Hy € L?([1,0))
is given by

_ 2yl
a(0) = —¢3 5ot LU= )
I'(1+-5=)

Going back to the starting variable, introducing n = ¢k, 0 < n < 19, let us denote
Ly =—02+ L’Y—; 2 ino.
v
We get the following proposition
Proposition 2.7 For any p € C, |u| < 77%)\0, the function

2v+1

Orp(v) = v*VFJr,)\(n%v)+d(/\)F,7>\(77%v)v7+117 3

o (2.17)
= n3H\(n3v)

spans the space of solution defined on R, belonging to L*([1,00|) of the equation

Wl

(L — u)g =0, with = An3. (2.18)

Proof. Define g € L?(vg,00) solution of (2.18), defining v = nfés and p = n%)\, the function
g(s) = g(nfés) satisfies § € L?(sg,00) and

1
(—92 + 7(75_; ) s A)j =0

which ends the proof. O
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2.2 Back to the real equation : existence and properties of the solution

We consider now the complete operator,
0
L, =L, + N(v) = L.

where N(v) = W (v) — 204D ¢ O(v%l)

02
The goal of this section is to prove the following proposition.

Proposition 2.8 There exists Ao, 19, such that the equation

{(Ln—xnﬁ)JM(m = 0, vel0,00]
JAJ](O) =1

has a continuous solution in (A\,n,v) € {|A\| < Ao} x {0 < n < no} x [0,00[, holomorphic in
A € {JA| < Ao} and satisfying [;° |Jan(v)|*dv < co. Moreover this solution is unique.

As in the previous section, we will look for solutions in L?([vg, oc]), close to ©) ,, when v — 0o
by writing
G/\vﬁ = (—))\77](1 + R)\,n)a where R)\,n(v) —rv—s00 0.

This change of unknown leads to the following equation for R, ,
(Id =Kyp)Rry = Kyy(1)

o O3, w)
Kyy(9)(v) = /U (U @im(u)du)N(w)g(w)dw.

(2.19)

Note that by Lemma 2.3, we are allowed to divide by ©3 (W)
Before proving the proposition, we start with a series of lemma in order to proceed to a fixed
point argument.

Lemma 2.9 There exists Cy such that for all 0 < v < w, we have

[

Proof. Back to the definition (2.17) of ©® and by writing v = Tf%a, w = nféb and u = nfét,

(2.20) is true if and only if
b HQ(b)
\ / A Ldt| < Cob
o H3()

03 (w
/;’7'< )du\ < Cow YA <Xo, YO<n<no. (2.20)
(—))\’7]( )

then it is sufficient to prove that

b H3(b)
| /O T < o (2.21)

It is true if b is small since ¢t — |H,(¢)| is decreasing near 0. It is true for b € [by, By] compact
set included in 0, oco[. Finally, for b > By, we use the asymptotic coming from the Airy function

C _».3
|H\(8)] ~smoo ?e 352, (2.22)
S

g
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Remark 2.10 Note that for b small, (2.21) is sharp, but for b large, one can get the better
estimate Cob=1/2.

Lemma 2.11 There exists a function Gy ,(v) solution to (L, — )\n%)G/\m(v) =0 forv € [0, 00|
and Gy, is continuous in 1 € [0,10], holomorphic in X € C, |A| < Ao, continuous in (X, 1,v) €
{IAl < Ao} x {0 <n <no} x[0,00[ and there exists vg > 0 such that

Gy =0Oxn(1+ Ryy), with |Ry,(v)| < %, for all v > g
v

where C' does not depend on (A, n) € {|A| < Ao} x {0 <n <mno}.
Moreover, G o does not depend on .

Proof. Since N(w) =y—o0 O(ﬁ)7 we get as in the proof of Lemma 2.2

C
n+2 0 n
0" 2 Kox i (9)]] Lo (1,00 < m”” Il Lo (1,000 -

Then, there exists vg >> 1 that does not depend on |A| < A\g and 0 < n < 79 such that (2.19)
has a unique solution R) ,(v) € L*([vg, oo[) and we have

1
Ry, = O(

—) when v — oo.
v

Moreover, thanks to (2.19), Ry ,(v) is an holomorphic function in {\ € C,|\| < Ao} for all
0<n<mnoas well as Gy, for v € [0, 00] since

Gy = Orn(1+ Ry,) forall v>
and G, satisfies the differential equation
(Ly = M3)Gry =0, WweER.

Note also that G, may be extended to n = 0 and G o does not depend on A since O o(v) =
v and Ky o(g) = [° (- (£)27*1)N(w)g(w)dw do not depend on A. Thus we get G g =
Goo(v) = v~ 7(1 + O(v™2)). Continuity follows from the fact that thanks to (2.17) and (2.20),

the function 0 < v <w, A € C, [A\| < Ao, 0 < <o

/w e3,,(w) "
v O3, (u)

is holomorphic in A, continuous in 7 € [0,70] and bounded by Cyw which implies that we can
apply the Lebesgue Theorem. O

Proof. Proof of Proposition2.8 First of all, since (=92 + W)Go, = 0, we have 92Go o =
O(v~0*2)) then 8,Go = O(v~FY) (since Goo = O(v™7)). Assume that G o(0) = 0, then by
integration by parts of the collision operator written as in (1.2), we get

< Goovne
|rEee = o

then Goo = CF? and since F(0) # 0, we get C' = 0, then G = 0 that contradicts the fact
that Go o ~y~oo v 7. Therefore, G o(0) # 0.
Then, for A, no small, and |A| < X, 0 < n < ng, we have for s sufficiently small, G ,,(s) # 0

since Go(0) # 0 and G ,(0) is continuous with respect to A, n. Then Jy, = Gf*’("o) is well
M
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defined. Uniqueness comes from the results above for > 0. When n = 0, we also have
uniqueness since the only solution of

(02 +W]f=0, f(0)=0, felL?
is f=0.

Remark 2.12 The function M(v) = m is the unique solution in L?([0,cc[) of the equa-

tion (—02 + W) f = 0 which satisfies f ~ v~ for v — oo. Since in the proof of Lemma 2.11 we
have shown Gy o(v) = Goo(v) = v (1 4+ O(v™2)), we get

G)\70(U) = G070(U) = M(’U) . (2.23)
Proposition 2.13 Properties of G .

e There exists a constant Cy such that Yv > 0, |\ < Ao, 1 € [0, 1]

|Gx (V)| < CoM(v). (2.24)
o We have the following limit
lim U%UG)\J](U)M(U)CM} =0. (2.25)
n—0% Jo
e For all A\, for all v,
lim Gy, (v) = M(v). (2.26)
n—0

Proof. Concerning the first point, for v > vy, we use the fact that the function sYH)(s) is
bounded on [0, o[, uniformly in |[A| < g, and we write, with s = '/3v,

|Grn(0)] = O n(v)(1 + Rypy) ()] < ClOx,(v)| = CvT7[sTHy(s)| < C'v 7 ~C'M(v) .

For v € [0, vg], it follows from the continuity of G\ ;, Goo = M and min,¢( ,,] M (v) > 0.
To prove the limit of the second point, we cut the expression in the following way

o0 1
[ whee
0

1

son 3 2v-1 [
\/ nstMdv]—i-nS/ s | Hy(s)|ds
0

S0

IN

< C’oso/ M2(u)du+n2”:?1/ 17| Hy(s)|ds
0

50
and we pass to the limit in 1 noticing v > 1/2 which leads to

lim n%?r_l / sV Hy(s)|ds =0 Vsg > 0.

n—0 50

Then, we pass to the limit when so — 0.
The third point follows from (2.23) and the continuity with respect to n of G . O
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2.3 Computation of the eigenvalue

In this subsection, we proceed to a reconnection of the two parts of the eigenvector, the positive
velocity part and the negative velocity part. In order to be able to do the reconnection, we need
to compute the derivative of the eigenvector at v = 0.

Let G, defined above and introduce the notations

a(A, n) satisfying a()\,n)GM”U:O =1, and b(\,n) defined by a(/\,n)G’/\mU:O =b(\, 7).

Observe that the functions a(\,n),b(A,n) are holomorphic in A € C, || < A, and since Gy =
M, one has a(A,0) = 1,b(\,0) = 0.

As we said at the begining of the section, due to symmetries in particular due to the parity of
M, the connection condition reads b(\,n) +b(\,7) = 0. We thus need to compute Reb(0,7) and
the begining of the expansion of b(\,n) with respect to \. We gather all the needed results in
the following proposition

Proposition 2.14 e The expression of b(\,n) is given by
b = a8 = )Gy (M (). (227
0
e The n order of the coefficient in front of X in the expansion on \ of b(\,n) is given by

lim b(\,7)n~ 3 = A / M2 (v)dv. (2.28)
0

n—0~+
e concerning the real part of b(0,n), we get

lim 7~ 5 Reb(0,n) = / " S In(Ho(s))ds — (27 + 1) Re(d(0)) (2.29)
n—0+ 0

where .
- 2y+1  2y+1 F(l — %)
3

d0) = —€'273 9 —_ 27
() D(1+ 257)

Proof. The first point is obtained by integrating the equation satisfied by G, by part.
To get the second point, we use lim,_,o+ G, = M which implies lim, o+ a(\,7) = 1, and we
conclude by using 2.25.

The computation of Reb(0,7) will be split into three steps. By equation (2.27),

b0.1) = =ina0,n) | wGo () M (w)du.

In order to get the result, we prove the three following lemmas.

Lemma 2.15 The small velocities don’t participate to the limit of the coefficient b(0,n),

_yy [vo
lim 7720731)/ wiIm[a(0,1)Go,,]Mdw = 0. (2.30)
n—0F 0
Lemma 2.16 We have
tim 725" / wImla(0, ) Go.) M(w)dw — / 1= ImHo (5)ds. (2.31)
n— V0 0
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In order to prove those results, we need the following lemma

Lemma 2.17 For all v > 1, we have

|Re(a(0,1)Go,) — M| < Chn, (2.32)
[Im(a(0,1)Goy)| < Cn. (2.33)
Moreover, for large velocities,
| Re(a(0,7)Go,y) — M| < Cn(v)*™, Vo € [vg, 5o 3] (2.34)
| Im(a(0,1)Go,)| < Cn)*™7, Vo€ [vo,son*%], (2.35)

where (v) = 1+ v2.

Proof. Proof of lemma 2.17

In order to compute Re(a(0,7)Go ) and Im(a(0,7)Go ), we introduce the second fundamen-
tal solution of Q[f] = 0. We already introduced M solution of Q[M] =0, M(0)=1 M'(0)=
0. We need now the second one, that we denote Z satisfying Q[Z] =0, Z(0)=0 Z'(0)=1.

Then, the solution of Q(f) =g, f(0) =a and f’(0) = b is given by

f=- /v g(w)M (w)dwZ(v) + /v g(w)Z(w)dwM (v) + aM (v) + bZ(v)
0 0

where v q
M(v) ~pmoo v 7 and  Z(v) = M(v)/o de ~pmoe VL

Set ];n = Re(a(0,n)G), and nl,, = Im(a(0,1)G). They satisfy the following equations, with
Q=-0"+W

QUfy) = nPoly =0, f,(0) =1 (2.36)
Qllyl +vfy =0, 1,(0)=0. (2.37)
By multiplying the equation by M and integrating by parts, we compute their derivatives

fn(0) = 772/0 wlyMdw and [, (0) = —/0 wfpMdw .
Lemma 2.17 can be reformulated as follows

fo(v) = M(v) + f, with |f,| < Cn(v)3~7 (2.38)

and
1y < C(w)*7. (2.39)

Since the function f;, satisfies
Q[fn] = 772UZT]7 fT](O) = 17 f7/7(0) = 772/0 wl,,de

We get

o) = M)+ ([ Pty Mdw)Z(0) + ([ oty Zdwdiw) - ([ oPut,Mdw) 2(0)
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which can be rewritten
In= M(v) + fn(v)
where . -
folv) = ( / n?wl, Zdw) M (v) + ( / n*wl, Mdw)Z(v).
0 v
Since |a(0,7)Go,| < CM, we get both |f,| < CM and |nl,| < CM. Since v > 1, vM? is
integrable at infinity and we write h wM?dw < C(v)*>™% and we finally get (2.38).

v
Concerning [,, it satisfies the equation

Q] = —vfy 1,(0) =0, I,(0)= —/OOO wf, Mduw

which leads to the following formula

W) = ([ wrMau)ze) - ([

_ _(/voo wfy Mdw)Z(v) — (/O w fyZdw)M (v).

w fnZdw)M (v) + (/Ov w fpMdw)Z(v)

As before, since v > 1 and f, < CM, we get (2.39).

Proof. Proof of Lemma 2.15
Case 1: v €1, 3].
First of all, since 2(y —1)/3 < 1, and |Im[a(0,n)Goy]| = |nly| < Cn, we get

n2 a5 wlm[a(0,7)Go ,(w)|M(w) —,—0 0 for all w.

But since |a(0,7)Go,| < CM, when v > 1, one has w|a(0,7)Go,|M < CwM? € L' and we
conclude by the Lebesgue theorem.

Case 2: v € [3,1].

Since 2(y —1)/3 < 0, we obtain directly the result by using the Lebesgue theorem and the third
point of Proposition 2.13 that gives

k) Vo
/ wa(0,n)GonyMdw —y_0 / wM?dw
0 0

thus the imaginary part goes to zero.

Proof. Proof of Lemma 2.16 )
In order to prove (2.31), we proceed to a change of variable w = ™3 s, which means that we
need to compute

lim / Im[a(O,77)777%Go,n(ﬂfés)]sn’%M(nfés)ds
n

1
n—=0% Jp3 4,

where nngoyn(nfés) = Hy(s) [1+R0777(7f%s)]. For that purpose, we use the Lebesgue Theorem,
by writing that

Vs >0 , lim+ Im[a(0, 17)77_%(}'077,(77_%s)]sn_ﬁM(n_ﬁs) = 5177 Im(Ho(s)).

n—0



20

To obtain the domination, we use § = 2v with 8 €]1,5[\{2,3,4}. Therefore, one has v €

11/2,1[U]1,5/2[. When v €]1,5/2[, we use M (w) = (1+12)% < |w|~7, which leads for |s| > n3 v,

Itm[a(0, )y~ 3 Goy(n~38)|sy™3 M(y~5s)| < ClIm[a(0, n)n~3 G, (n~5s)]s" 7 .

Moreover, Im[a(0,7)Go ] = nl, and since v > 1, we have for any v € [vp, son~ /3], 1, < Clo]3.
So for s < s, we get
1
[Im[a(0, n)n ™3 Goy(n~35)]| < Cs*

. 5
and since v < 3

[Tm{a(0, )13 Gy (™5 )]s~ 3 M(n~5s)| < Os*=> € L2(10,1]) .
For s > 50, we use the fact that |a(0,7)] < C and |Ry,| < C and we write
1 1
[Tmfa(0, n)i~3 Goy(™35)]sn™ 3 M (5~ 35)| < C|Ho(s)|s' " € L'[1,00])
. 1 V2.3 . _ .
since Hy(s) ~oo s~ 4€~ 3 °°. When v €]1/2, 1[, we just use Hy(s) ~p s~7, and we write

[tm[a(0, )~ % Go (™ 3)]sn ™3 M (5~ 35)| < C|Ho(s)]s' ™ € L']0,00]) .

Then since the function is dominated by an integrable function, we can pass to the limit and we
conclude that (2.31) holds true. O

Lemma 2.18 (Computation of the coefficient) The coefficient of the leading power in n of
the real part of b(0,m) given in Lemma 2.16 is equal to

/ s 7sImHyds = (1 + 2v)Red(0). (2.40)
0

Proof. Recall that Hj satisfies

P() = —isty,  P(f) = (~52 + 0 FD)f

that implies sImHy = Re(PHy) = P(ReHp). In another hand,
is3

6(1 =)
Since v €]1/2,1[U]1,5/2[, this implies that s™7sImHj is integrable when s ~ 0. Moreover, we

can proceed to a double integration by part that leads only to the two boundary terms since
P(s77) =0, by writing

Ho(s) = s "Fy o(s) + d(0)s" " F_g(s) = 577 (1 + +0(s%) +d(0)s* (1 4+ 0(5%))) -

/ s 7slmHpds = lim s YP(ReHp)ds = lim [0;ReHyps, —ReHyds(s™7)] = (2y+1)Red(0).
0

so—0 50 so—0

Recall that Red(0) # 0 and the computation of d(0) has been done in Lemma2.6. O
The proof of Proposition 2.14 is complete. O
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2.4 Extension to the negative velocities and computation of the eigenvalue
with lowest absolute values .

Until this subsection, all the computations have been done for non negative velocities. We now
need to extend this solution to negative velocities. For that purpose, we need to make a C!
connection by connecting the value and the derivative at v = 0.

Proposition 2.19 Let g > 0 and Ao > 0 small enough. For all n € [0,m0], there exists in the
complex disc {p € C,|u| < n*3XNo} a unique u(n) such that the equation (2.1) (with n = ck)
admits a solution M" in L*(R). Moreover, this solution is unique, and one has

)

2141 (7r2fy+1
cos(5 3

2y+1 29+1
pu(n) =kn 3 (14+0(n 3

I -2 N (2.41)
I(1+ 2

Forn € [—no,0], by complex conjugaison on the equation, we get

).

K =2C5(2y+1)9~ )

u(n) = (=) = kln| 5 (1 +O(

Proof. Recall that the equation we consider is given by

—0% + ﬁ[lvﬁ(’y +1) = 1] +inv)M" = pM™".

and that to reconnect the two parts of the equation (defined for v > 0 and for v < 0) to have a
C(R) function, M*¢ must satisfy the constraint M<).:(0) = —W;TE(O) which is equivalent to

b(A\,m) +b(\,n) =0.

By Proposition 2.14 and the normalization Cg f M?dv = 1, one has

sy (1 0y(1)) + O(N?)

023\, m) = n~2/2b(0,n) + 22

thus the connection equation reads n~2/3Re(b(0,7))+ 202 (140,(1))+O(A\?) = 0. Since p = niA,

this implies p = —ZCgRe(b((), 1)) + o((Re(b(0,7)))). Then the result follows by the third point
in Proposition 2.14, by Lemma 2.6, formula (2.16), one has 26’2(1 +27)Re(d(0)) = —~. O

3 Proof of Theorem 1.5 : Moment method

3.1 A priori estimates
We start with a compactness Lemma.
Lemma 3.1 [17] For initial datum fo € Y where p > 2 and a positive time T.
1. The solution f¢ of (1.3) is bounded in L™ ([0,T]; YZE)) uniformly with respect to e since

it satisfies

DI, / /R S W dvdsdt < Lol ()
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2. The density p°(t, x) fRd f€ dv is such that

L < C5° V[ fol B, for all t € [0,7]. (3.2)

3. Up to a subsequence, the density p° converges weakly star in L>([0,T]; LP(R%)) to p.

4. Up to a subsequence, the sequence f¢ converges weakly star in L>=([0,T]; YF(R?®)) to f =
C2

C
Corollary 3.2 Let F = £ 02M2 = (1+ L B = 2v €]1,5[. Let f¢ solution to (1.3)

with () = e¥57 . Assume that || fowl|leo < C. Then g° = fEF~1/2 satifies the following estimate

41
/‘/</w fﬁﬂwow_@m<ces. (3.3)

Proof. Recall the Nash type inequality [6][19] [1]: for any h such that [ hFdv =0, we have
2y-1
2 2 et 2 \g2g
/ h*Fdv < C (/ |Ovh| de> ([|h]|5) 2T . (3.4)
R R

Define h = ¢°F~1/2 — pf = f—E — p%, define a = 27“ Observe that from || f[|ly» = [[wf]| ., (dade

and Lemma 3.1, formula (3.1), we have

lholl= = Tim lihollyz > Tim [Allyz = 1kl

Thus by Lemma 3.1, formula (3.1) taking p = 2, we get

+
/ /</ lg° — €Fl/2 2dv> 77 dsdy =

</h%mov dsdy
R
[ ([ 1o de) (I1hl[2) 557 dsdy

T< -
A(/Wf’! >%@<Ce

IN
=

IN

3.2 Weak limit

Recal T =™ a = % By solving equation (1.15), we write
(5,0, k) = e 5T 5(0,v, k)
which gives going back to the rescaled space variable y
9°(s,v,y) = S /eiykgg(s,v,k)dk .
27
Our purpose is to pass to the limit when ¢ — 0, or T' — o0.

Recall fa(s y,v) >0 and ffa s,y,v)dzdv = [ fo(z,v)dzdv for all s > 0.
Let p°(s,k) = [e” Wk p¢ (s, y)dy be the Fourier transform in y of p° = [ fedv = ngF1/2dv .
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Proposition 3.3 For all k € R, p°(., k) converges to p(., k), unique solution to the ode
dsp+ K|k =0, po= / fodv . (3.5)
R

Proof. Recall that L. is given by L. = Q + ickv, Q = —02 + W and thus is self adjoint in
L?(C). Let k € R, = ¢k, and let M"(v) be the unique solution in L?(R) of L.(M") = u(n)M"
given in Proposition 2.19. One has

d

7s G (s,v,k)M"dv = /8S~€M"dv: —g—:_a/ﬁs(ge)MndU

= —6_0‘/§5£€(M77)d1}: —e_au(n)/gaM”dv.
Therefore one has, with F<(s,y) = Cs [ ¢°(s,v,y)M"dv,
Fe(s, k) = e “HER (0 k) Vs > 0. (3.6)
By Proposition 2.19, we have e~ *u(ek) — k|k|“. Moreover, the following limit holds true:

VEER, F°(0,k)=Cps /gs(o,u, k)M"dv — po(k) . (3.7)

The verification of (3.7) is easy. One has §°(0,v,k) = fo(v,k)F~/2 and CsF~Y2M"(v) =

%(v) — 1 for all v € R since our construction gives M"(v) = a(A, )Gy, (v) with a(A,0) =

1, Gxo = M. Moreover, one has by (2.24) the domination |M"(v)| < CM(v). Thus (3.7) holds
true by Lebesgue Theorem.

Remark 3.4 Observe that it is only in the verification of (3.7) (initial data at time s = 0) that
we use the fact that M" is associated to the eigenvalue of smallest absolute value of the operator
L, since it is the only eigenfunction which satisfy lim, o M" = M.

It remains to verify
VEeR, Cj /ge(s,v,k)M”dv — p(s, k) in D'(]0, c0]). (3.8)

By (3.6) and (3.7), for all k € R and s > 0, one has lim._,g F=(s, k) = e %" sy (k), thus (3.8)
will be consequence of the weaker

Cy [ (59 0)M7d0 = plsvy) in D0, 00[xR) (3.9)
Let us now verify (3.9). For that purpose, we write
Cg/gEM”dv —p=0Cp /(ga — PPV M dv + p° /(C’ﬁM" —FYF12qu 4+ p5 — p .

By using (3.3), (2.24) and (2.25), and the Lebesgue theorem we pass to the limit. The proof of
Proposition 3.3 is complete. O

Proof of The main result: Theorem 1.5. From the two last items in Lemma 3.1, we
have just to prove that for any given k, the Fourier transform j(s, k) of the weak limit p(s,y),
is solution of the equation (1.14), which is precisely Proposition 3.3.
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