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Abstract

This paper concerns the diffusion-homogenization of transport equations when
both the adimensionalized scale of the heterogeneities o and the adimensionalized
mean-free path € converge to 0. When a = ¢, it is well known that the heteroge-
neous transport solution converges to a homogenized diffusion solution. We are
interested here in the situation where 0 < ¢ < a < 1 and in the respective rates
of convergences to the homogenized limit and to the diffusive limit. Our main
result is an approximation to the transport solution with an error term that is
negligible compared to the maximum of o and £. After establishing the diffusion-
homogenization limit to the transport solution, we show that the corrector is
dominated by an error to homogenization when a? < ¢ and by an an error to
diffusion when ¢ < o?.

Our regime of interest involves singular perturbations in the small parameter
n = =. Disconnected local equilibria at 7 = 0 need to be reconnected to provide
a global equilibrium on the cell of periodicity when 1 > 0. This reconnection
between local and global equilibria is shown to hold when sufficient no-drift con-
ditions are satisfied. The Hilbert expansion methodology followed in this paper
builds on corrector theories for the result developed in [9].

1 Setting of the problem

This paper studies the interaction between the convergence to a homogenized limit and
the convergence to a diffusive limit in the context of linear transport equations, or
linear Boltzmann equations [12, 6], that model the propagation of particles in scattering
environments. These two phenomena have been widely studied in the past [11, 1, 16,
23, 21, 22, 24, 14]. The homogenization limit typically arises when the underlying
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coefficients oscillate at a scale @ < 1 much smaller than the macroscopic scale at which
phenomena are observed. The diffusion limit arises in highly scattering environments in
which an equilibrium emerges in the velocity variable and a diffusion equation models
the spatial behavior of the probability density of particles. High scattering is modeled
by a mean free path ¢ < 1, where ¢ is the (adimensionalized) main distance between
successive collisions with the underlying medium.

We assume here that the oscillations in the medium are periodic with period o < 1.
When both a and ¢ converge to 0, we expect the transport solution to converge to the
solution of a homogenized diffusion equation. How fast convergence may occur and what
are the main contributions to the error between the heterogeneous transport solution
and its homogenized limit are the main problems of interest in this paper. We restrict
ourselves to the case where the mean free path is (much) smaller than the correlation
length a. We thus set n = £ and we assume that n < 1. The equation for the particle
density takes the form:

v-Vfi%—Efé—i—%Qafg =eS,(x,v) = 55(3:,%,@), (1)
in an infinite domain R? x V where V is a smooth, symetric, compact domain in the
velocity space such that 0 ¢ V. This equation could also be seen as an evolution
equation by a change of variables u¢, = e~ f£ in which the source S would play the role
of an initial condition. We restrict ourselves to the time independent setting and to the
case of constant absorption to simplify.

The source term S is 1—periodic in y = Z. We define the collision operator as

X

Qaf—E(g,v)f(x,v)—/a(—,v’,v)f(x,v’)du(v'). 2)

v o«

The choice of ¥ is such that the above operator is conservative in the following sense.
Define

Qf(y,v) = X(y,v)f(y,v) — / oy, v, v)f(y,v")dv(v'), yeY, (3)

%
where Y = [0,1]? is the unit cell. Then we assume the existence of C~1 > ¢"(y,v) >
C' > 0 such that

-V, +QY"=0, Y xV. (4)

We also define
(=nv -V, + Q)" =0, Y xV, (5)

where Q* is the adjoint operator to @) defined for a.e. y € Y and g € L*(V) as

@9(0) = 200 9)o(0) = [ ol0.0)9( (). (6

The simultaneous limit when the mean free path and the correlation length go to
zero together with ov = ¢ has been considered in several recent papers [2, 3, 4, 5, 10, 17,
18, 19, 20, 25]. In all those paper, only the case n = 1 is considered except in [25], where
both ¢" and ™ are space independent and hence also independent of 7. A first result
in the case n < 1 was obtained in [9] for spatially dependent 1" in the setting where



Y*" = 1. In that paper, a two scale convergence result is established in the setting
where the limiting behavior involves the homogenization of a heterogeneous diffusion.
The proof of that result is based on the weak formulation of the transport equation and
on the method of moments.

The aim of the present work is to implement the Hilbert expansion method, which
leads to a strong convergence result under appropriate smoothness conditions in the
(restricted) setting where ¢*" = ¢*(v). This strong convergence has two advantages.
First, we are able to compute the correction terms in the expansion of the transport
solution up to a term that is negligible compared to the maximum of o and n = £.
Second, we expect this result also to be the first step in the study of the nonlinear
Boltzmann equation given by the Fermi-Dirac equation in the spirit of [7, 8]. Note that
in the case where 7 goes to infinity, we expect the limit to be the diffusion approximation
to the homogenized transport equation obtained in [15].

The main mathematical difficulty of the present work arises because the limit n — 0
in (4) is singular. In the limit = 0, local equilibria are obtained as a function of v € V'
for each position y € Y. For n > 0, a global equilibrium on Y x V emerges, as in the
standard procedure obtained when n =1 [2, 19, 17, 21, 22, 25]. The passage from the
local equilibria to the global equilibrium may in fact be arbitrarily complicated. Several
conditions need to be imposed in order for a well-defined macroscopic equilibrium to
arise. Even in the case 7 = 1 do we need to impose a no-drift condition. In the presence
of drift, advection dominates scattering and entirely different phenomena arise (see,
e.g., [17], [5] and the derivation of Euler equations when advection is dominant). Under
appropriate sufficient symmetry assumptions similar to (though more constraining than)
those in [2], we are able to verify the necessary no-drift conditions used in our derivation.

The rest of the paper is structured as follows. The main hypotheses of regularity and
no-drift as well as the main results of this paper are described in section 2. The main
result is Theorem 2.1 below. The rest of the paper is devoted to its proof. Global a
priori estimates are formulated and proved in section 3. The expansion of the transport
solution in powers of ¢ is treated in section 4. The expansion in 7 of several cell solutions
is given in section 5. The definition and n-dependence of spatial density terms are given
in section 6. These results are combined to finish the proof of the theorem in section 7.
Several technical results obtained in [9] and the generalization of their proofs if necessary
are collected in the Appendix.

2 Main result

Under regularity assumptions recalled below, a standard application of a Banach fixed
point theorem [13] ensures that (1) admits a unique solution in H*(R? L?(V)). The
limit of fo"(x,v) := fi(x,v) as n — 0, however, involves singular perturbations. The
reason is that the local equilibria in (4) and (5) become degenerate in the limit n — 0.
In this limit, equilibria at different points y € Y become disconnected and this can
result in a very large effect at the macroscopic scale x. We consider here situations
where the equilibria remain smooth in the y variable and generate no drift. Drift effects
are ubiquitous in the homogenization of transport equations, with drastic effects as may
be seen in, e.g., [5]. Diffusion limits arise under sufficient no-drift conditions as in,
e.g., [2], which ensure that transport is not in an advection-dominated regime. Our
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analysis in this paper shows that diffusion-like regimes are still valid in the singular
limit » — 0 under appropriate no-drift assumptions. We show that these assumptions
are consequences of symmetries of the transport coefficients, which we now define.

Our first main assumptions is that ¢*"(y, v) is independent of y and hence of 1. Note
that @ in (4) is independent of 7 and it is therefore not clear why non-trivial solutions
would exist for all values of 7. Here, we assume that a.e. y € Y, we have an equilibrium
Y*(v) solution of

Q' (W) =0 iV (7)
The equilibrium solution is allowed to depend on v but is independent of ¥y € Y. When
o(y,v',v) and X(y,v) are continuous functions bounded above and below by positive
constants, then 1)* can be chosen positive and normalized so that [, (¢/*)*(y,v)dv(v) = 1
a.e. y € Y. Moreover, up to normalization, ¢*(v) is the unique solution to (7) as an
application of the Krein Rutman theorem [2, 13] for the compact operators defined for

a.e. yey: .
70 / o(y, v, o) £ (o )d(v'), (8)

which preserve the (solid) cone of positive continuous functions.

The no-drift conditions mentioned above will be verified under sufficient symmetry
assumptions. We first assume that:

U(ya Ulv U) = U(ya _UI7 _U) = U(_ya U,a U)v Z(@/, U) = E(% _U> = E(_y> U)' (9)
We deduce that ¢*(—v) = 9*(v). Note that a method to construct local equilibria
consists of selecting o satisfying the above symmetries, 1»* arbitrary (uniformly positive)
such that ¢*(—v) = ¢*(v), and finally define ¥(y,v) by (7), which also satisfies (9).

We also obtain the existence of a unique, bounded, positive, solution ¢ (y,v) of the
adjoint equation
normalized so that [, ¥(y,v)Y*(y,v)dv(v) = 1 a.e. y € Y. It is not difficult to observe
that ¥ (y, —v) = ¢¥(y,v) = ¥(—y, v) when (9) holds.

The Krein Rutman theorem for (8) (all eigenvalues not equal to 1 have modulus
strictly smaller than 1) shows that 0 is a simple eigenvalue associated to @ and Q* and

that all other eigenvalues of ) and Q* have strictly positive real part [2, 13]. On the
vector space of functions f € L*(V) such that i, f(v)Y*(v)dv(v) = 0, we define

Qlf :=— /OOO e " fdr, (11)

which converges a.e. y € Y thanks to the spectral gap we just mentioned. Note that
(@ 'f, ") r2(vy = 0 by construction. The inverse operator Q@ * := (Q*)~! is defined
similarly. We verify that under (9), both Q! and Q* preserve the subspaces of even
and odd functions in the variable v.

With ¢* seen as a normalized solution of (—nv -V, + Q*)¥* =0on Y x V, we also
obtain the existence of unique, bounded, positive, solutions "(y,v) of (4) normalized
such that [, . ¢"(y,v)i*(v)dv(v) = 1. Upon introducing 77 = nv -V, 4+ Q, we also
define the inverse operator

T 1f =~ /OOO e fdr, feLl*(Y xV) st. f(y,v)Y*(v)dydv(v) = 0. (12)

Y xV
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Finally, we observe that under (9), ¥"(y, —
(4). Once properly normalized, since *(—v)

(y, —v) = P"(=y,v).

Let us collect our main Assumptions:

v) and ¢"(—y,v) are also solutions of
= ¢*(v), we deduce that ¥"(y,v) =

(H1) The velocity variables v lies in a compact, symmetric set V' of R? equiped with
a symmetric probability measure v. There exist constants C', v > 0 such that
v({v eV, [v-& < h}) <ChY, forall € € S h > 0. In particular, v({v €
V, |v-& =0}) =0 for all £ # 0 so that

v-£=0 ae. inovimplies £ =0 .
(H2) The source term S € HY(RY(C>(Y), L*(V)))

(H3) The scattering coefficient ¢ is in C°(V,, x Viy;Co2.(RY)). It is bounded from above
and below by positive constants and is 1-periodic with respect to the variable y.

The coefficient X(y, v) is defined implicitly in (7).

(H4) The symmetry relations (9) hold so that the uniquely defined (after proper nor-
malization) solutions ¥*(v), ¥(y,v) and ¥"(y,v) of (10), (7), and (4), respec-
tively, satisfy ¢*(—v) = ¢¥*(v) and ¥(y,v) = ¥(—y,v) = P(y,—v) as well as
W(?Jﬂf) = ¢n(_ya ) n(yv )

We want to stress again that the limit 7 — 0 is singular. The limit of ¢" as n — 0 is
therefore not necessarily equal to ¥ (y,v). We are now ready to state our main results
on the Hilbert expansion of the solution f*7 := f7 of (1). The main result of this paper
is the following theorem, which provides a strong convergence result for the corrector to
homogenization theory:

Theorem 2.1 Let f" be the solution of (1). Then the following expansion holds
[ = o) )

n[n0@)Q 7 (— v V(o () )+t @ (P )] gy

= [ e ) V@) T @) 0|
where ¥ (y,v) and ¥*(v) are solutions of (10) and (7), respectively, and Q=" is defined

n (11). The microscopic density p°(y) is the unique solution of the elliptic equation

£

=o(n+7)

L2(RIxV)

L(p®) =0 with the normalization /Ypo(y)dy =1,

where
. /V G W) Vo (Q M0 - Ty (1, 0)p(y)) v (v).

The function 0~ is given by
0t =L" </V(UQ1(—U -V (y)e(y,v) — v Vy(Ql(vw(y,v))p“(y)))w*(v)dV(v)> :
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with L™ defined in Proposition A.1 below on functions in L*(Y) that average to 0 on
Y and the macroscopic density is given by the diffusion equation

n®%(z) — V.- (D -V,n"(z)) = /Y/VS(x, y, )" (v)dydv(v).

The diffusion coefficient in the preceding equation is given by the expression

b= /V/Y@*O(y,v)®vp°(y)@/}(y,v)+9*_1(y)¢*(v)®vQ—1(—vvy(p0(ym(y,U)))dy(v)dy
i which we have defined

Y*O — Q*71<’U¢*+U‘V‘y(9*ilw*))
1 = L*_1</V¢(y,v)v-VyQ*_l(vw*(v))dy(v)>.

where L*~1 is also defined in Proposition A.1. The correctors n®*(x) and n*~'(z) satisfy
the same elliptic equation as n®°(x) with different source terms. Their expression is
gien explicitly in Proposition 6.2 below.

Before proving this theorem, we make a few remarks.

Remark 2.2 The leading term in the expansion of fg is given by n%%(z)p"(£)y(£,v).
The behavior at the macroscopic level is given by n®%(z), the solution of a standard
diffusion equation. The microscopic level is given by the product of two terms. The first
contribution to the product is the standard local solution ¢ (y, v), which indicates how
particles are distributed in the v variable for each y € Y. The second, less standard,
contribution is given by p°(£) and indicates how the local (for each y) equilibria are

related to one-another to generate a global equilibrium at the level of the cell Y.

Remark 2.3 The above expansion implies that when 1 < %, then the corrector is given
by

07 0(L ) - Von(@) + 0t (@) (T v).

This is a regime of (relatively) low scattering where the corrector to homogenization
(characterized by a term linear in Vn®?) dominates. The contribution n'~! provides a
correction to the influence of the local equilibria at each y € Y to a global equilibrium
on Y.

When % < 1, the corrector is given instead by

- ne., . nx ne.,  nx
W0(@)Q (= v Ty (P, o) + 10 @) (L )
This is the regime of high scattering, where the correction to approximating the trans-
port solution by a diffusion approximation dominates the correction coming from the
homogenization procedure. The passage from local to global equilibria on Y generates
a corrector described by n%!(z).

The rest of the paper is devoted to the proof of the theorem.



3 A priori estimates

We start with an estimate that controls the remainder terms in the Hilbert expansion:

Proposition 3.1 Let f£ be the solution of (1). Then we have:

5 1 € _2 PN
150+ 1z = vl < O (lleSall + 15T ) (14)
where || - || is the L2(R? x V)-norm and for u € L*>(R? x V) we have defined
~ 1
u(zr) = —/ u(z,v)dv(v). (15)
VI Jv
Proof. We verify that
(-Vy+QMN1=0,  (=nv-V,+Q")W"W") =0, Y xV, (16)
where we have defined the rescaled transport operator
o(y, v, v)Y"(y,v') : :
Q"u(y,v :/ u(y,v) —u(y,v)|dv(v'). 17
(y,v) T [u(y, v) — uly, v')]dv(v') (17)
The reason for introducing the operator Q)" is that
1 T
(v-V,+ EQZ +e)u = eF,(x,v) = eF(x, = v), (18)
where we have defined
“(x,v) S(z,y,v)
u(z,v) = —=——=, F(z,y,v) = ————=, 19
CO= ey TS g )
. (2.0 00 (2, v)
o(Z,v v Z
QZU—/ ol o o u(z,v) —u(z,v)|dv(v). 20
; ETER [u(z, v) = u(w,v)]dv(v) (20)
Define the operator
1
Ti=v V.+_QL (21)
Then we recast (18) as (¢ +T)u = ¢F,. We verify that
Qu(h) = (Tdh, vl h)
_ |2 22

- 6/0(&7U7v)wa(‘r7v)wa (J],’U) 9
This comes from the fact that v - V,(¥707*) = 1Q1* (424 so that

1 h? .
Qa(h) = Z(Qa(M)h = Qo vava’).



Let p = p(x) and s = u — p for an arbitrary p(z) independent of v. Then we
find that Q!(p) = 0 and more importantly that Q! (u) = QZ(s). Now for s such that
Ji sdv(v) = 0, we find that

g
Q1(5) > s (23)
for some 5 > 0 as is clear from (22) provided that ¥7¢"* is bounded from below by
a positive constant uniformly in 7. We thus define p = w and s = v — u so that « is
independent of v and s mean zero in v. Multiplying (18) by u!¢"* and integrating
yields
e(u, upol’) + Quls) = (eFa, ugyl). (24)
As a consequence,

ellull® + || I* < [(eFa, svavd")] + (e Fatiava, p)- (25)

From this, we deduce the a priori estimate
Jull + 2w =l < € (lleFall + I Fod ). (26)

In the variables f¢, this is equivalent to (14). O

4 Expansion in ¢

To emphasize the dependency in 7, let us denote =7 := f¢ the solution of (1). As in
the standard derivation of diffusion approximations, we first expand f=" in powers of
at a fixed (arbitrary) value of . We prove the following proposition.

Proposition 4.1 The solution f&" can be expanded as follows
Fo1 =m0 (@ (= 0) + e, 1 o)+ 22w, 2 ) + R, 1 v) e )
€ £ €

where we have defined:

Y= T (- Vg (n®7)) A b

2= 1 (. Vn”w")+f2"

P o= TS — e VT ) - )
(—

fH = T (0 V= ).

The operator T" 1 is defined in (12). The density n®" satisfies the diffusion equation

W=V [ o 0w @)y Vo = [ (g vy (29
Y xV YxV
where " = T Y (vp") and the density for the correcting term n'" satisfies

-V, X"y, v)Y*(v)dv(v)dy V n'" = —/v~V:E?Zn(:c,y,U)w*(v)dy(v)dy. (29)

YXV YV



The remainder term r=" satisfies the following estimate:
ez, < €?jv- Vo 37|22 + e¥lv - fos’nHLiLgoL% (30)
+€2||f2’"||LgL§OLg + €3||f3’"||Lng;°Lg.

Proof. We propose the following ansatz for &7 :
Fo = Lo, 2 w) e Y, ) 4 22, ) () 4, ),
€ € € €

We plug the ansatz into the transport equation and equate like powers of € to obtain
the following sequence of equations. At the leading order, we obtain

T %" =0 which yields that  f7 = n%"(z)y"(y,v).
We recall that T = nv - V, + Q. At the next order, f17 satisfies

T4 = —p -V, Oz, y,v) = =" (y,v)v - Von(z).

We can then rewrite f17 as

f(,y,0) = =Xy, v) - Van®(z) +nb(2))" (y, v)
by defining x" = T~ *(v"), the unique solution to

T"\" = vyp"  such that // (y, )™ (v)dydv(v) = 0.

We can apply the inverse operator T~ defined in (12) to the source term vy because
the following standard no-drift condition is satisfied:

/V/YW"(%UW*(U)du(fU)dy —0,

thanks to assumption (H4).
The second-order equation reads

T77f2777 = _f0m($7y7 'U) + S(x7ya U) G fol’n(%y; U)

and the compatibility equation that the right-hand side must satisfy to be in the domain
of definition of 7"~ gives the diffusion equation (28) for n%".

Introduce ?2,71 the solution to

2

T’]? 7= _fom(xv y?”) + S(I, y,?}) e Vﬂ&(_xn(ya U) ’ Vﬂcno’n(‘r))'

The third-order equation is the following

Tnf&n = —U- vmflﬁ(m’?%U) - fl’n(xa?J,U)-

and the corresponding compatibility equation gives a diffusion equation for n'"

n'(z)=Va: vX”(y,U)w*(v)dv(v)dyvxnl’"(flf)=—/Y vV, (,y, 0)0* (v)dv(v)dy

Y XV xV



since

//@D ) - Von(z) = 0.

With the above expressions, we verify that remainder term now satisfies that:

1 1
r€7n+_v'vmrs,n+_2Q<T€’n) = _52f2’7l<x’ E? U) _53.]03’7]('2:7 E? U) _52U_wa3,n(x7 Ea U)'
£ £ £ £ €

Thanks to the estimate (14) proved in the previous section, we obtain (30). O

In order to analyze the behavior of the terms f%7, 17 f27 and f3" as n — 0, we need
to study some auxiliary equations. Such studies are conducted in the following section.
5 Expansion of the auxiliary functions

This section is devoted to the asymptotic expansion as n — 0 of the three cell functions

P, x", and "

5.1 Expansion of "
Recall that " satisfies

WV QN =0 ad | [ 60w vy =1
v Jv
We prove the following expansion
Proposition 5.1 The function ¥", solution to (4) satisfies

wn(ya U) - ¢0(ya U) + n¢l<y7 U) + 7]21/)2(y7 U) + fZ(?Ja ’U), ||fg| |H’“(Y,L2(V)) S 07737 (31)

with

P(y,v) = p°(W)v(y,v),
P y,v) = QN (—v-Vy'(y,v)) (32)
Y (y,v) QM (—v -Vl (y,v) + p* (1Y (y),
where
L") =0 with [ )iy =1 (33)

=L~ ( /V F ) Y, (Q 7 (—v - V,(Q 7 (~v - V0 (w)))))du(v)) . (34)

The operator L and its inverse defined on functions in L*(Y') with vanishing average
over Y are defined in Proposition A.1 in the appendixz. From this expansion, we deduce
that:

[0"| 200 <O and ||/ vt du(v)|| g < O,
\%

Moreover, we find that ¥° and 1? are even functions and ¥' is an odd function in the
variable v.
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Proof. We plug the ansatz into the equation for ¢ and equate like powers of 1. The
resulting series of equations is the following. First we have

Q(v") =0,

which implies that ¢° = p%(y)1(y, v). Next, we obtain

Q') = —v- V(0" (W) (y, v)).

Since thanks to assumption (H4) the no-drift condition [, v¢(y,v)y*(v)dv(v) = 0 is
satisfied, the compatibility condition for the previous equation is fulfilled and we can
solve the equation for ! to obtain

W =Q N (—=v- V(0" ()(y,v))).

The compatibility condition for the third equation gives the equation for p° since for

QW) = —v-V,(¥'(y,v) ie, ¢*=Q '(—v-Vy'(y,v))+ p*(y)¢(y,v)
to have a solution, we need
[ e V@ oavt) = o
This relation is satisfied if
L) =0 with L(p) = = [ 0700 ,(Q 70~ V(0. 0)ol))iv(o).

The precise study of L and its adjoint L* defined by

L) = = [ 600 V(@ 0,0 ) (o)
is conducted in the appendix. The next equation is

Q(wg) =V Vy<w2)-

The corresponding compatibility equation is satisfied since 12 is an even function of v.
Then we write

QW) = —v-V,(¥°).

Its compatibility condition gives the following equation for p?:
L(p*) = —/V@/)*(v)v V(@ (=0 Vy(Q7H (—v - V' (y,v)))))dv(v).  (35)

Recall that L*(1) = 0. By the Fredholm alternative, equation (35) thus admits a unique
mean zero solution since

/Y /V G )0 Ty (Q N~ T,y (Q (v - Yy (y, 1)) )dw(v)dy = 0.

11



The remainder term rg satisfies

- Vg +Q(ry) = —n’v -V, (v")

and if we impose fy p’(y)dy =1 and [, p*(y)dy = 0, we get

/y /v rp(y, 0" (v)dv(v)dy = 0.

Then using the technical regularity estimate (51) presented and proved in the appendix
below, we obtain

il e ovy,2 oy < PO s v, 2 v
The remainder involved in the proposition is given by 7} = 33 + ntyt + ) and then
satisfies
7 vy, p2 0y < 0.

By taking k large enough, we get the desired L;° bounds. O

5.2 Expansion of y”
We want to expand x" satisfying

nu-VyxT+Q(x") = vy  and / / X" (y,v)Y*(v)dv(v)dy = 0.
y Jv
Proposition 5.2 We prove the following expansion
1
X"y, v) = 59—1@)@@(% ) + Q7 (v)p(y) — Q7 (v - V(07 (y, ) + 7y, v),

with ||F|| e ey,2(vy) < Cn, where we have

L) =0 with [ Py =1
Lo~ = /V(UQ‘I(—U V0 (W)Y (y, ) (v) — v (v) - Vo (Q7H (v) (y,v)p" (y)))du(v).

Moreover o
[IX"r2ree < o and II/ ox"(y, v)Y* (v)dv(v)||pe < C. (36)
1%

Proof. In view of estimate (52) obtained in the appendix below, we expect the

expansion of x” to start at the order —. Thus, we begin with
n

Q™) =0 or x '(y.v)=0"(y)Y(yv),
Then at the order O(n°) we get
Q") = vy’ —v-Vyx .

12



Thanks to the no-drift condition and (H4), the compatibility condition for this equation
is satisfied. Next, we write

Qx') =v' —v-Vyx°  ie, x'=Q(wy! —v-VyxX°)(y,v) + 0 (y)Y(y,v).

The compatibility condition for the equation giving x! gives the expression of #~! since
it satisfies the following elliptic equation

L(6™) =/V(v@/}l(y,v)i/f*(v)—w*(v)-Vy(x(y,v)po(y)))dV(v)-

This equation has a solution since
[ [0 0w ) = 00 ) 9, (xla. 00)0)dy = 0

because 1! defined in (32) is odd in y as a gradient of an even function and the second
contribution can be written as a divergence in y and hence averages to 0 over the cell
Y. Note that 67! is odd in the y variable and that therefore

| [ 3w vy =o.
vy Jv
Finally, we write

Q(X*) =vY® —v-Vyx'

for which the compatibility condition holds since 12 is even with respect to v and y! is

even. Indeed, ¢! is odd with repect to v (even with respect to (y,v)) and hence so is

X’

The remainder term satisfies
no - Vyrl +Q(rl) = —n’v - Vyx* + vrll.

We chose 0 such that [, (=n*v - Vyx*(y,v) + vr]l(y,v))*(v)dr(v) = 0 for any y € Y.
Note that this is possible since [, [.(=n*v - Vyx* + vr])y*dv(v)dy = 0 because 77
is even with respect to (y,v) whereas x? is odd. The fact that y? and vr] are odd
with respect to (y,v) implies, thanks to Proposition A.1, that ' is odd and therefore

Iy Jo X' (y, v)* (v)dv(v)dy = 0, which finally gives

[ o oo o

By using estimate (51) and since || — 7°v - Vyx* + vr]|| gr(v,220)) < C0?, we have that

P e v, 200y < O

This concludes the proof of the result. O
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5.3 Expansion of y*
Proposition 5.3 Let x" be the solution of

—nv - VX + Q" (x™) = vy,

The following expansion holds

1 ~
X" = =0 )y (0) + Xy, v) + 0x (Y, v) + 7 (y, v)

n
with, ||7]. vy < Cn?, where
Xy, 0) = Q7 wy" +v- V0 ) (y,v) + 0 (y)v*(v) (37)
FO) = [ v 9@ @i ), (38)
PO = [ v V,Q 7 0 9,0 00 o T i), (69)
Xy, v) = Qv Vyx*(y,v) + 0 (y)y* (v, v), (40)
L0) = / Bl v)v - VyQ' (0 9,0 () dw(v). (41)

Proof. The proof is a straightforward adaptation of the proof of the same result in
[9]. We briefly sketch it to be self-contained. As in the expansion of x", we start at the
order % and write

1
x”*znx X+ X+t

with
Q" (x*™") = 0 so that x* "' (y,v) = 0" (y)¥"(v).
Then we have
Q" (x™) = vy + v - V!
which admits, thanks to the no-drift condition, a solution given by

Xy, v) = Qv + v V") (y,v) +07(y)d (v).

The first order equation is
Q*(X*l) = - va*O-

The compatibility equation for this equation gives

L) = - /V by, 00V, Q (07, (1 ()8 (o / By, 00V, Q@ (00" (0))di(v).

This equation has a solution since

/Y Ay) / By, 0)v - Vy @ (08" () di(w)dy = 0
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because p%y is even with respect to the variable (y,v) whereas vi)* is odd. Then x*!
can be written as

Xy, v) = Q7 (v Vyx ™ (y,v) + 07 (y)¥" (y, v).
The compatibility condition for
Q' () =v- V!

gives the equation determining 6*° since we need
L*(0) = / Py, v)v- Vy,Q (v V,Q T (0" + v VX ))dv(v).
1%

Note that the parity properties ensure that the previous equation has a solution. The
final equation is

Q*(X*3) = - va*2

whose compatibility condition gives the equation for 6*!

L0 = [ o 9,07 0 V0 (o).
%
The remainder term satisfies
nv - Vyri. — Q" (rl.) = n'v - V™.

As for x", 0" are odd for i = —1,0,1 and then, [, [, rl.¢)*dv(v)dy = 0, and then,
thanks to estimate (55), we get

el v cz oy < Cn?

which concludes the proof. 0O

6 Estimates on the densities

We are now ready to analyze the expansion in 7 of the densities n*" for k = 0, 1 obtained
in Proposition 4.1. We start with the following simple lemma:

Lemma 6.1 Let n” be the solution of
n"(x) — Vg - (D" Vn"(z)) = S"(x)
with

D" = D4 D' 4 D", where |||D"|]| —,-00, |||-||| @ norm on d x d matrices
ST = S°4+nS'+nS" where S° € HYRY), S' € H¥RY) and ||S||gr@ay —y—0 0.

We decompose
n" =n’ 4 nnl + nn”

15



with
n0(z) = V- (DOV (@) = §%a), [0 llgsos ey < OISk

and
1 (@) =V, (DOV,n! (@) = ' (@) V(DM an(a)), [[nsesusy < OIS e+ ey

Then n" satisfies

||| g1 (may — O when 1 — 0.
Proof. Indeed n' satisfies the equation
" =V, - (DY, i") = Vg - [(nD* +n D"V, = S"+V, - [D"Von® + (nD* +1nD"\V,n].

A standard a priori estimate shows that [|72"|] 1 ge) — 0 when 7 — 0. Upon differenti-
ating the equation k times, we obtain the result in H**1(R%). O
We apply this lemma to derive a convergence result for n%” and n!”

Proposition 6.2 Assume S € H*(RY). First, we have that
[ = % — %] s gay — 0

where n®® € H*Y(R?) is the solution to
n™ -V, (D -V,n"° / / x,y,v)Y* (v)dydr(v)
and n%' € H*1(R?) is the solution to
n® -V, (D V") =V, (D' V,n"),

b= // v) @ vy (y,v) + X (¥, v) @ v (y, v))dv(v)dy

Y

_ /V/@* Lo+ v - V000, 0) © 0p () (5, 0)
10 () (0) © Q7 (—v - V(o (1) (v, v)))dv(v)dy

~

D' = (X My, v) @ vy (y,v) + Xy, v) @ v (y,v) + x*' (y,v) @ VY’ (y, v))dv(v)dy
O () (v) @ vQ ™ (—v - Vy (Q7 (v - Vy (0’ ()¢ (y, v)))))dv (v)dy

[ (" + v V0 ) + 0] @ vQ ™ (v - Vy (0 ()Y (y, v))dv(v)dy

Q (v V,y,Q T (0g* + v - V0 1Y) + 07 (y) 0" (y, v) @ vp° (y)ih(y, v)du(v)dy.

Second, we have that

1, _
||t — 5”1’ -1y —p—0 0 (42)
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with nb~1 € H*"1(RY) the solution of
n" =V, (D-V,n" 1) =54 (2) (43)
where SVt € HE2(RY) is given by

SthHx) = —Vx-/y[—no’o(ﬂc)w(y,v)+5(x>y,v)+v-Vx(X°(y,v)Vxn“’o(-’E))]x*1(y,v)d7f(v)dy

xV

~V. - [—v - Vo(=x""(y,0) - Van(2))]x* (y, v)dv (v)dy.

Y xV
Proof. Recall that n®" satisfies

n™ +V, - (D" V,n"" / / x,y,0)" (v)dv(v)dy.

By using the definition of D" = / / X" (y,v) @ v (v)dydr(v) and the expansions of
Y™ and x* obtained in the preced‘;ngysection, we obtain that
D" =D + D' +nD" with |||D"||| —,_0 0.
Then Lemma 6.1 gives the first result. On the another hand, n'" satisfies
nt" —V, - (D"-V,n"") = SH(z)
with

Sti(z) = -V, // 2 (z,y,v))vyp" (v)dv(v)dy
::4@4K}“www%mmwwzﬂaL[ﬁﬁ%ﬁ@mwwm;

= —Vx/y[—no’”(m)w”(y, V)45 (@, y,v)+0- Vo (X" (y, v)- Von® (@)X (y, v)dv (v)dy

xV

L L=y 0l
= 55 (z) + (n)'

Since S is of order %, we apply Lemma 6.1 to n°n'" to obtain (42). This concludes
the proof of the result. O

7 Proof of Theorem 2.1

We are now in a position to conclude the proof of our main result. We first obtain an
estimate for the remainder term 7" in (27).

Proposition 7.1 The different terms involved in the estimate of the remainder term
r&" are bounded as follows

1" 220 < C (44)

C _— C
% and ||v- Vavfk’nwﬂ|H§’_’€L%Lgo < k-1

175 g < bk (45)

These result yield that

3

€
"z, = 0(5)-
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Proof. Let us start with f%7. Recall that f%"(x,y,v) = n®"(z)y"(y,v) and that
19"l r2ee <€ and 0|z < C.
This gives (44). Concerning f1" = —x"(y,v) - Vn%"(z) + n>(x)" (y,v), we get
||f1’"||HgL%L5° < C[||n0’"||H§||X"||L3Lg° + ||n1’"||Hg||W||L%L5°]

and

o Ve Y9 merzre < 0 aal [lox™* | azra e + 10"l [00m)% | m2r2 00 < C
This yields (45) for k = 1. Let us now consider f>". Since [, [, f*"*(v)dv(v)dy = 0,

||Tn<f27n>||H£L%Lgo < % and || f;, T”(fQ’”)w*(v)dy(v)dm|H§Lgo < C, we get the first point
of (45) for k = 2. Indeed, we decompose

27 = Im1L/Cfr"<f2m>¢ﬁ<v>dv<v>dv¢«y,v)}+7”71[7m<f2w>—1jcfr"<f2m>¢f<v>du<v>dv¢4y,vn

and use (51) and (52), respectively, obtained in the appendix below.
Concerning the second point, we write after defining x* = Q*~!(vy)*),

TV = eV = [ 9@
= [ .U X o)an(o
= /va(—nv VA1 =0 Vo Y@y, 0) = 14 S) - X (y, v)dv(v),
so that
|0 Vo210 iz < Cllf*Nuzrarge + 1/ | msraree + 17" mzr2nge + 1|1 23]
is bounded by C'n~'. Tn asame way, since [, [, f>7*(v)dv(v)dy = 0 and [|T"(f*")|| 12 re <

%and | [, T"(f>")* (v)dv(v)dv| e < %, we get the first point of (45) for k = 3.
Finally, we write

vV fEmpme = / vV f5M dv(v) = / Ve 21 QF (X (y, v))dv (v)
1% 1%
= | VQU) X (g v)dv(v)
B / VI(_WU . Vyf?hﬁ — v foQJZ(x7 Y, U) - fl’n) ’ X*(y7 ’U)dV(U),
1%
so that

- Vo309 |2z < Clllfmrzee + 12 azrace + 117" 12 o)

IA
=
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which is bounded by Cn~2. This concludes the proof of (45) for k = 3.
In view of the estimate (30) and (45), we get

2 3
=z, < CC5 o+ o5).
This concludes the proof of the proposition. O
Now, the rest of the proof of the main theorem simply consists of collecting the
expression for f=7 given in (27), the above estimate for ", the expansions for the den-
sities in section 6 and the expansions for the auxiliary functions ¥ and x" = T (vy)")
given in section 5. This yields (13) and concludes the proof of Theorem 2.1.

8 Postscript

Guillaume Bal and Marjolaine Puel concluded this work after Naoufel Ben Abdallah
passed away the Fifth of July, 2010. We keep the memories of beautiful discussions we
started in Montreal and continued in Toulouse.

A Previous results

In this appendix, we improve useful propositions proved in [9]. Their proofs in the case
where 1* depends on v is a straightforward adaptation of the proofs obtained in [9]
when ¢* = 1, except for the estimates (51) and (52) below which are new.

Proposition A.1 [9] Let L be the unbounded operator on L2, (RY) with domain HZ,, (RY),
defined by

Lp) = - / G0 Vo (Q (v Y, (6(y,v)p(y))))dw (v),
= _dwy(Dvyp) +V,- (U(y)p)

and let L* be its adjoint defined by
L*(n) = —div, (D" (y)Vyn) — U(y) - Vyn  with periodic boundary conditions.  (46)

The matriz-valued function D and the vector field U are given by

D(y) = /V Fo®Q N (w)dv(v),  Uly) = /V $0®Q (v Vy)du(v).

The following statements hold:

(i) Im(L) = {u € L2, (RY), st [,udy=0}.

(i) There exists a unique, nonnegative function p(y) € H2,.(RY) such that L(p) = 0 and
fypdy=1.

(i4i) For any function v € Im(L), there exists a unique solution to L(u) = v, [, udy =0
with w € HZ, (RY). This solution will be denoted u = L™"(v), and L™ will be referred
to as the pseudo inverse of L.

() Im(L*) = {u € L2, (RY), st [ u(y)ply)dy=0}.
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(v) The kernel of L* is the set of constant functions (in the variable y ).

(vi) For any function v* € Im(L*), there exists a unique solution to L*(u*) = v*,
Jy v (y) dy = 0 with v* € H2, (RY). This solution will be denoted u* = L*~'(v*), and
L*=Y will be referred to as the pseudo-inverse of L*.

(vii) D(y), U(y) and p(y) have the following symmetry properties:

e The diffusion matrizy — D(y) is even. The fluxy — U(y) is odd. The equilibrium
function y — p(y) is even.

o The sets of even and odd functions in y are invariant under L~ and L*~1.

(viii) The diffusion matriz D(y) is in Cpo.(RY) and satisfies

D(y)E- =0 < £=0 and furthermore D(y)€-& > BIE)? (47)

for some constant 3 > 0.
(iz) There exists a constant C' such that

1L~ 0" g, < Cllv*llcz,,. L7 0llm, < Clloliz,,

per per per

120 g, < Cllo' gz, 12700z, < Cllollga

ber per per per

for allv € Im(L) and v* € Im(L*).

Remark A.2 We need the fact that ¥* does not depend on y to identify zero as the
first eigenvalue of L* and then of L. When ¢* is allowed to depend on y, more complex

global equilibria (or possibly the lack of such a global equilibrium) need to be analyzed on
Y.

Proposition A.3 The operator T" = nv - V, + Qy|(-) is an unbounded operator on
L2, (R x V) with domain

per

D={ue L, (RIxV), suchthatv-VyuelLl (RIxV)}.

per per

Let T = —nu -V, + Q*[y](-) be the adjoint of T". Then
(i) The kernel of T" is a one dimensional space spanned by a positive function " (y,v)
normalized by [, . "p*(v)dv(v)dy = 1. The function ¥ satisfies

V1 (—y,—v) =Y (y,v), a.e. inyandv . (49)

(it) The range of T" is the set of functions g € L2, (R} x V) such that we have
Sy 90y, )0 (v) dv(v)dy =0 .

(iii) The adjoint T™ has the same domain D. Its range is the set of functions g such
that [, v ¥"(y,v) g(y,v)dv(v)dy = 0. Its kernel is spanned by *.

For g € L2, (R x V) satisfying [,y g9(y, v)*(v)dv(v)dy = 0, there exists a unique

per

function R" € D such that
TR =g and / Ry, v)0* (0)dv(v)dy = 0. (50)
VXY
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We denote R" = (T") ™" (g). There exists g > 0 such that

C
R g (y,e2 vy < ?HQHH’@(Y,L%V)) ;o 0<n<mno. (51)

If in addition, [, g*(v)dv(v) =0, then
. C
R | ey z2(vy) < gHgHH’“(Y,L?(V))- (52)

Moreover, the following symmetry implications hold true

If g(—y,—v) = g(y,v) ae. then R'(-y,—v)= R'(y,v) ae.
53
If g(-y,—v) = —g(y,v) a.e. then R"(—y,—v)= —R"(y,v) a.e. (53)

(iv) For g € L2, (R} x V) satisfying [, ¥"(y,0)g*(y,v)dv(v)dy = O there ezists a

per

unique function R™ € D such that
T™(R™) =g and / R™(y,v)y"(y,v)dv(v)dy =0 . (54)
VxY

We denote R™ = (T") ™" (g*). There exists o > 0 such that
C

HRH*HH’C(Y,LQ(V)) < ?HQ*HH’C(Y,B(V)) ;o 0<np<mo. (55)
If moreover, [, g*1bdv(v) =0, then
77* C &
R || ey 2ovy) < gHg e v,L2(v))- (56)

Finally, the following symmetry implications hold true

If g(=y,—v) = g*(y,v) ae then R™(—y,—v)= R™(y,v) ae.
(57)
If g"(=y,—v) = —g"(y,v) ae. then R™(—y,—v)= —R"™(y,v) ae.

Proof. Step 1: For the proof of estimate (52), we argue by contradiction. Assume
that ||R"|| =1 and ||§"|| —,—0 0 with

nv - V,R" + Q(R") = ng".

Decompose R" = v"(y)1p(y, v) + 6"(y,v), we get by the dissipation property

n||2 1 E *
16 oy, < C /Y / QU dv(o)dy

1)

) _ R
< /Y/V(ng”—nv-vyﬁ’")d)i/) dv(v)dy

< COlR 2y 19" z2r vy + IR [Z2 v )
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which implies that ||0"]|;2(yxv) — 0 when ¢ goes to zero.
On the other hand

v - Vyo" +Q07) = ng" —nv - Vy(v")
and an integration with respect to v against ¥* gives
divy/vv(S"@/J*dl/(v) = /g’%*dy(v) = 0.
Recalling that x* = Q*~1(vi)*), we write
divy/vvtsnw*dy(v) = —divy(/v X Q6N dv(v))
= vy v V) + i 30 9, 700) i [ xgav(o)

which leads to the following elliptic equation for "
L(vy") = divy(/ Xv -V, 6"dv(v)) — divy(/ X" g"dv(v)).
v v

Since the right-hand side goes to zero in H~2(Y'), we obtain that v7 — C"p%(y) — 0.
But

C”—/ny"dy = —/YL1(divy(/vx*v-vy5”du(v))—divy(/vx*g"du(v)))—>o.

Moreover

/Y )y = /V () () = /V (R(5) = 85,00 )y )

= —/ 3"y, v)Y*(v)dydv(v) — 0 when n — 0.
VXY

Finally, we obtained that R7 — 0 strongly which leads to a contradiction.

Step 2: Proof of estimate (51). We first recall that ||R"||;2v,v) < C. A direct
application of the estimate proved in [9] would make us lose two powers of n for each
derivative. The proof of (51) requires additional computations.

We prove the result by induction. Assume that for any multi-index i satisfying
i| < |k|, we have ||0.R"| < C. To prove that [[0VR"||,2v,) < C, we argue by
contradiction.

First, we note that for any f and any multi-indice k = (ky, ks, - - - , kq), we have

K1 [l

Z ZH (CRO - 0,7 4Q0): -~ O ).

Thus, we write

|k|—1
- V,08RT+ QISR = n*05g" — Y~ CLoL QI R)

li|=0
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where Ci = HfZI(C’,ill) and where the sum runs over i = (i, s, - ,ig) such that |i| <

|k| =1 and 4, < k; for 1 <1 < d. To obtain a contradiction, we choose a renormalization

that implies ||0f R"|| = 1land 10557|| — 0 and ||&; R"|| — 0 for any i satisfying |i| < k.
We decompose 851%77 into two parts as follows

Oy R =27 (y)¢(y,v) + 6 (y, v).

We obtain from the dissipation property that

2 k 8kRn
167] 2oy < —C /Y /V QLR = (o) dy

|k| Lo : . . OFRm
- / / (P0)5" = 3~ CLOy QIO — o+ V0 RY) = du(v)dy
|i|=0
which gives
1671 z2(v,v) —5—0 0.

On the other hand, 7} satisfies the following elliptic equation

L(’YZ) = / 355?%* ‘l’divy(/v X*v- Vy(éz)) - ndivy/va;]jan*
|k|-1

4- dlvy/ Y CLEQa Ry

li|=0

We have to control the last term, which is a priori of order % For that purpose, we

write
k—i i D * i N k—i k[ x
| a-eoine = [ omoan),
Moreover, since ¥* does not depend on y

k1] [al

-2 ZH (Gl - 0 QO -+ Byix") = 0

and then
k|1 |k|—1 |k—i]
/ > CL"QO R / Z CLO'R" Y Cl_,09Q"(9;x7)
|i[=0 lil=1

which after rearranging the sums gives

k|1 || [k—J

/ Y CLTQORXT = / > o) ClCLok QR
|i]=0 lil=1 |i]=0
|| |k—jl
= / Y Cloxt D> Cl 0 IQO'RY).
lj]=1 |i]=0
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Finally, this leads to

|k[—1 |K|

/ > CLF QR x / > Gl o (Q(R)

li|=0 ljl=1

and hence

|k -1 ||

—dlvy/ > CLMQORYX = —dlvy/ > Clop (= VoE IR + 0y ).

li|=0 lil=1

This term converges to zero in H2(Y, L?(V')) when n — 0 and leads to a contradiction.

d
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